SPECIALIZATION AND 
MICROLOCALIZATION OF 
SUBANALYTIC SHEAVES 

Luca Prelli 
Abstract 

In this paper we define the speciaHzation and microlocahzation 
functors for subanalytic sheaves. Then we specialize and microlocahze 
the sheaves of tempered and Whitney holomorphic functions general- 
izing some classical constructions. 
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Introduction 

After the fundamental works of Sato on hyperfunctions and microfunctions 
and the developement of algebraic analysis, the methods of cohomological 
theory of sheaves became very useful for studying systems of PDE on real 
or complex analytic manifolds. Unfortunately sheaf theory is not well suited 
to study objects which are not defined by local properties. Since the study 
of solutions of a system of PDE in these spaces is very important (Riemann- 
Hilbert correspondence, Laplace transform, etc.), many ways have been ex- 
plored by the specialists to overcome this problem. First Kashiwara in [9] 



2 



defined the functor of tempered cohomology to solve the Riemann-Hilbert 
problem for holonomic systems. Its dual, the functor of formal cohomol- 
ogy was introduced by Kashiwara and Schapira in |13) . Their microlocal 
analogous were defined by Andronikof in [Ij and Colin in |5]. These re- 
sults present a problem: they are construction "ad hoc", and they are not 
contained in a unifying theory based on the six Grothendieck operations. 
In [Mj Kashiwara and Schapira introduced the notion of ind-sheaves, and 
defined the six Grothendieck operations in this framework. Then they de- 
fined the subanalytic site (a site whose open sets are subanalytic and the 
coverings are locally finite) and they proved the equivalence between sub- 
analytic sheaves and ind-M-constructible sheaves. They obtained the for- 
malism of the six Grothendieck operations by including subanalytic sheaves 
into the category of ind-sheaves. In |23] a direct, self-contained and elemen- 
tary construction of the six Grothendieck operations for subanalytic sheaves 
is introduced without using the more sophisticated and much more diffi- 
cult theory of ind-sheaves. In the beginning of this paper we extend some 
classical constructions for sheaves, as the Fourier-Sato transform and the 
functors of specialization and microlocalization. We introduce first the cat- 
egory of conic subanalytic sheaves on an analytic manifold. Then we extend 
the Fourier-Sato transform to the category of conic subanalytic sheaves on 
a vector bundle. At this point we can start studying subanalytic sheaves 
from a microlocal point of view by introducing the functors of specializa- 
tion and microlocalization along a submanifold of a real analytic manifold. 
Roughly speaking, starting from a sheaf on a real analytic manifold, we con- 
struct conic sheaves on the tangent and the cotangent bundle respectively. 
We also show that the functor of microlocalization is related with the func- 
tor of ind-microlocalization defined in [16j. Then, applying specialization 
(resp. microlocalization) to the subanalytic sheaves of tempered and Whit- 
ney holomorphic functions, we generalize tempered and formal specialization 
(resp. microlocalization). In this way we get a unifying description of An- 
dronikov's and Colin's "ad hoc" constructions. This is also a "simplification", 
since the definitions of specialization and microlocalization for subanalytic 
sheaves are more intuitive for people which are familiar with the classical 
sheaf theory of [11], although working with the subanalytic site is delicate 
and requires results which are related to the geometry of subanalytic subsets. 

In more details the contents of this work are as follows. 

In Section 1 we recall the results on subanalytic sheaves of |14] and |23) . 
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In Section 2 we construct the category of conic sheaves on a subanalytic 
site endowed with an action of M'^ . 

In Section 3 we consider a vector bundle E over a real analytic mani- 
fold and its dual E* endowed with the natural action of IR+. We define the 
Fourier-Sato transform which gives an equivalence between conic subanalytic 
sheaves on E and conic subanalytic sheaves on E*. 

Then we define the functor of specialization along a submanifold M 
of a real analytic manifold X (Section 4) and its Fourier-Sato transform, 
the functor of microlocalization (Section 5). We introduce the functor 
fjihom^'^ for subanalytic sheaves and we give an estimate of its support us- 
ing the notion of microsupport of |15] . Then we study its relation with the 
functor of ind-microlocalization of |16] . 

We apply these results in Section 6. We study the connection between 
specialization and microlocalization for subanalytic sheaves and the classical 
ones. Specialization of subanalytic sheaves generalize tempered and formal 
specialization of fT] and [6], in particular when we specialize Whitney holo- 
morphic functions we obtain the sheaves of functions asymptotically devel- 
opable of |20) and (29]. Moreover, thanks to the functor of microlocalization, 
we are able to generalize tempered and formal microlocalization introduced 
by Andronikof in [Tj and Colin in j5] respectively. 

Section 7 is dedicated to the study of the microlocalization of tempered 
and Whitney holomorphic functions. We prove that the microlocalization of 
O* and have (in cohomology) a natural structure of £^-module and that 
locally they are invariant under contact transformations. 

In Section 8 we study the Cauchy-Kowaleskaya-Kashiwara theorem with 
growth conditions. The proof is not a rephrasing of Kashiwara's proof, which 
consisted in a reduction to the case of one operator: we first prove a propa- 
gation result (already known for O^-^) ^-^^ this propagation result to 
reduce the statements to the commutation of duality with non-characteristic 
inverse image. 

We end this work with a short Appendix in which we recall the defini- 
tions and we collect some properties of subanalytic subsets and ind-sheaves, 
and then we study the inverse image of the subanalytic sheaves of tempered 
and Whitney holomorphic functions. 
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1 Review on sheaves on subanalytic sites 

In the following X will be a real analytic manifold and k a field. Reference are 
made to |12j for a complete exposition on sheaves on Grothendieck topologies, 
to |14] and for an introduction to sheaves on subanalytic sites. We refer 
to p] and |18] for the theory of subanalytic sets. 

1.1 Sheaves on subanalytic sites 

Let us recall some results of [14j and [23j. 

Denote by 0'p{Xsa) the category of open subanalytic subsets of X. One 
endows Op(Xsa) with the following topology: S C Op(Xsa) is a covering of 
U G Op(Xsa) if for any compact K oi X there exists a finite subset Sq <Z S 
such that K n UygSo ^ — ^ ^ ^ ■ We will call Xga the subanalytic site, 
and for U € Op{Xsa) we denote by Ux^a the category Op{Xsa) H U with 
the topology induced by Xsa- We denote by Op'^{Xsa) the subcategory of 
Op{X sa) consisting of relatively compact open subanalytic subsets. 

Let M.od{kxsa.) denote the category of sheaves on Xga- Then Mod(fcj!c^^) is 
a Grothendieck category, i.e. it admits a generator and small inductive limits, 
and small filtrant inductive limits are exact. In particular as a Grothendieck 
category, Mod^kx^a) enough injective objects. 

Let ModR_c(A;x) be the abelian category of M-constructible sheaves on X, 
and consider its subcategory Mod^_^{kx) consisting of sheaves whose sup- 
port is compact. 

We denote hy p : X Xga the natural morphism of sites. We have 
functors 

p* 

Mod{kx) ^ p-'—r Mod(/cx,J. 

p> 

The functors and /)* are the functors of inverse image and direct image 
respectively. The sheaf p\F is the sheaf associated to the presheaf Op(Xsa) =3 
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U F{U). In particular, for U G Op{X) one has p\ku — Ih^ p*kv, where 

Vccu 

V G 0'i>{Xga)- Let us summarize the properties of these functors: 

• the functor is fully faithful and left exact, the restriction of to 
ModK.c(fcx) is exact, 

• the functor p~^ is exact, 

• the functor p\ is fully faithful and exact. 



(p s-iid {p\,p ) are pairs of adjoint functors. 



Notations 1.1.1 Since the functor p^ is fully faithful and exact on ^iod^.^kx), 
we can identify ModR_c(fex ) with its image in M.od{kxsa)- When there is no 
risk of confusion we will write F instead of p^^F, for F G Mod]R-c(fcx)- 

Let F G Mod(A;Xsa)- There exists a filtrant inductive system in 
Mod|i.c(fex) such that F ~ Im^p^Fj. 

i 

Let X, Y be two real analytic manifolds, and let / : X ^ Y be a real 
analytic map. We have a commutative diagram 

(1.1) X— 



f 

Xcn ^ Ya 



P 



We get external operations f~^ and Z^,, which are always defined for 
sheaves on Grothendicck topologies. For subanalytic sheaves we can also 
define the functor of proper direct image 

/,, : Mod(A:x.J ^ Mod(fcy,J 

F ^ lu^f^Fu c^\i^f*TKF 

U K 

where U ranges trough the family of relatively compact open subanalytic 
subsets of X and K ranges trough the family of subanalytic compact subsets 
of X. The notation f\\ follows from the fact that f\\ o p^ p^fO f\ in general. 
If / is proper on supp(i^) then f^^F ~ f\\F, in this case /n commutes with 
p*. While functors f~^ and (g) are exact, the functors Horn, and f\\ are 
left exact and admits right derived functors. 
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To derive these functors we use the category of quasi-injective objects. An 
object F G Mod{kxsa) is quasi-injective if for U,V ^ Op'^{Xsa) with V C U 
the restriction morphism T(U; F) — ?> T{V; F) is surjective or, equivalently, if 
the functor Honifc^^^^ (•, F) is exact on Mod^_^{kx)- Quasi injective objects 
are injective with respect to the functors f^,, f\\ and, if G € Mod]R_c(A;x), with 
respect to the functors Homfcj^_^^ (G, ■),Hom{G, •). 

The functor Rfu admits a right adjoint, denoted by f \ and we get the 
usual isomorphisms between Grothendieck operations (projection formula, 
base change formula, Kiinneth formula, etc.) in the framework of subanalytic 
sites. 

Let Z he a subanalytic locally closed subset of X. As in classical sheaf 
theory we define 

Tz:Mod{kxJ ^ Mod(A;x.J 

F ^ 'Hom{p^kz,F) 
{■)z:ModikxJ ^ Mod(A;x.J 
F ^ F®p^kz. 

Finally we recall the properties of the six Grothendieck operations and 
their relations with the functors p~^, Rp^ and p\. We refer to [S] for a 
detailed exposition. 

• the functor R^T-Lom{p*F, •) commutes with filtrant lin^ if F € ModK_c(/cx)) 

• the functors R^f\\ and H^f' commute with filtrant lin^, 

• the functor p~^ commutes with and Rf\\, 

• the functor Rp^, commutes with WHom, Rf^ and f\ 

• the functor p\ commutes with and /~^, 

• the restriction of and f^"^ to the category of M-constructible sheaves 
commute with 

• if / is a topological submersion (i.e. it is locally isomorphic to a pro- 
jection Y X y), then f ~ ® f'ky commutes with p~^ and 
Rfw commutes with p\. 

Moreover the functors i?/*, Rf\\ and RT-Lom{F, •) with F G Mod]R_c(A:x) have 
finite cohomological dimension. 
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1.2 Modules over a A;x„a -algebra 

A sheaf of fcx^o -algebras (or a /^x^a -algebra, for short) is an object TZ G 
Mod(A;Xsa) such that T{U;TZ) is a A;-algebra for each U € Op(Xsa) and the 
restriction maps are algebra morphisms. A sheaf of (left) 7?.-modules is a 
sheaf F such that T{U\F) has a structure of (left) r(?7; 7^)-module for each 
U G Op(Asa). Let us denote by Mod(7^) the category of sheaves of (left) 
7?.-modules. The category Mod (7?.) is a Grothendieck category and the for- 
getful functor for : Mod(7^) — >■ Mod{kxsa) is exact. 

The functors 

nomn : Mod{TZyP xMod{n) ^Mod{kx,J, 
®n ■■ Mod(7^°P) X Mod(7^) ^ Mod(A;x,J 

are well defined. Remark that in the case of 7?,-modules the functor (817^ is 
only right exact and commutes with lir^. 

Let X, Y be two real analytic manifolds, and let / : X — >■ y be a morphism 
of real analytic manifolds. Let 7?. be a /^y^^^-algebra. The functors f~^, Rf* 
and Rfw induce functors 

/-I : Mod(7e) ^ Mod(/-^7^), 
/* : Mod(/-^7e) ^ Mod(7^), 
fn : Mod(/-^7^) ^Mod(7^). 

Now we consider the derived category of sheaves of 7^-modules. 

Definition 1.2.1 An object F G Mod(7^) is flat if the functor Mod(7^°P) 3 
G ^ G ®Ti F is exact. 

Thanks to flat objects we can find a left derived functor (g):^ of the tensor 
product (8)7^. 

Definition 1.2.2 An object F € Mod{Tl) is quasi-injective if its image via 
the forgetful functor is quasi-injective in Mod{kxsa)- 

Let X,Y be two real analytic manifolds, and let / : X — >■ F be a real 
analytic map. Let 7?. be a /cy^^-algebra. One can prove that quasi-injective 

objects are injective with respect to the functors and f\\. The functors 
-R/* and Rf\\ are well defined and projection formula, base change formula 
remain valid for 7^-modules. Moreover we have 

Theorem 1.2.3 The functor Rfu : D+{f-^n) D+{Tl) admits a right 
adjoint. We denote by f : D^{TZ) D^(f ~^TZ) the adjoint functor. 
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2 Conic sheaves on subanalytic sites 

In this section we study the category of conic sheaves on a subanalytic site. 
Reference are made to for the classical theory of conic sheaves. 

2.1 Conic sheaves on topological spaces 

Let A; be a field. Let X be a real analytic manifold endowed with a subana- 
lytic action /i of R+. In other words we have a subanalytic map 

H : X xR+ ^ X, 

which satisfies, for each ti,t2 € K+: 

fi{x, 1) = X. 

Note that /x is open. Indeed let U € Op(X) and W G Op(M+). Then 
fj,{U,W) = UteVK /^('j^) : ^ ^ ^ is a homeomorphism (with 

inverse We have a diagram 

X — ^ X xR+ X, 
p 

where j{x) = (x, 1) and p denotes the projection. We have fioj = poj = id. 

Definition 2.1.1 (i) Let S be a subset of X. We set M+5 = /x(5',M+). // 
U G Op(X), then M+{7 G Op(X) since fi is open. 

(a) Let S be a subset of X. We say that S is conic if S = M+S*. In other 
words, S is invariant by the action of /j,. 

(Hi) An orbit of fi is the set M+x with x G X . 

Definition 2.1.2 We say that a subset S of X is M.'^ -connected i/5nM+x 
is connected for each x G S. 

Definition 2.1.3 A sheaf F G Mod(A;x) is conic 

(i) We denote by Mod]R+(/cx) ihe subcategory o/ Mod(/cx) consisting of 
conic sheaves. 

(a) We denote by D^j_{kxsa): subcategory of D^{kx) consisting of ob- 
jects F such that H^{F) belongs to Mod^+{kx) for all j G 
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Proposition 2.1.4 Let U € Op(X) he -connected and let F G D^+{kx)- 
Then 

Rr(M+C/;F) ^ RT{U;F). 



Let us assume the following hypothesis 
(2.1) 



(i) every point x € X has a fundamental neighborhood 
system consisting of M+-connected open subsets; 
^ (ii) for any x ^ X the set M+x is contractible. 



In this situation (see j2]) either R+x ~ M or M+x = x. 

Denote by the topological space X endowed with the conic topology, 
i.e. U G Op(X]j+) if it is open for the topology of X and invariant by the 
action of M"'' . 

Let us consider the natural map r] : X ^ X^+. The restriction of 77* 
induces an exact functor denoted by 7/* and we obtain a diagram 



(2.2) ModiR+ {kx) . ' ' Mod{kx^ 




Mod{kx 



Let F £ D^+{kx). Let ip be the natural map from Rr(M+C/;F) to 
Rr{U;ri-~'^F) defined by 

Rr(M+f/;F) ^ Rr{R+U;Rr],T]-^F) 
(2.3) ~ Rr{R+ U;ri-^F) 

RT{U;r]~^F). 

Proposition 2.1.5 Let F be a sheaf over X^+. Let U be an open set of X 
and assume that U is -connected. Then the morphism (p defined by (|2.3p 
is an isomorphism. 

Theorem 2.1.6 The functors Rrj^ and 7]~^ in (|2.2p induce equivalences of 
derived categories 

D'^Akx)^D\kx,^,) 

inverse to each others. 
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We need to introduce the subcategory of coherent conic sheaves. 

Definition 2.1.7 Let U G Op(Xr+). Then U is said to he relatively quasi- 
compact if, for any covering {C/i}ig/ of X-^+, there exists J C I finite such 
that U C Uiej Ui. We write U CC . 

We will denote by Op'^{X^+) the subcategory of Op{X^+) consisting of 
relatively quasi-compact open subsets. 

One can check easily that if C/ e Op''(X), then R+U G Op'=(X]K+). 

Definition 2.1.8 Let F G Mod(fcx^+ ) and consider the family Op(X^a,R+)- 

(i) F is X g^^-^+ -finite if there exists an epimorphism G ^ F, with G ~ 
®i(zikui, I finite and Ui G Op" {X . 

(a) F is X -pseudo-coherent if for any morphism ip : G ^ F, where G 
is Xsa,R+ -finite, ker is Xsa,R+ -finite. 

(Hi) F is Xgg^-^+- coherent if it is both Xgg^j^+ -finite and Xgg^^+ -pseudo- 
coherent. 

We will denote by Coh{Xga -^+) the subcategory o/Mod(fexg+) consisting of 
Xgg^^^+ -coherent objects. 

2.2 Conic sheaves on subanalytic sites 

Definition 2.2.1 A sheaf of k-modules F on Xga is conic if the restriction 
morphism r(IR+C/ ; F) — > T{U ; F) is an isomorphism for each -connected 

U G Op^Xga) with R+U G Op{Xga). 

(i) We denote by yiod^+{kxsa) subcategory of Mod{kxga) consisting 
of conic sheaves. 

(a) We denote by D^+{kxsa)! subcategory of D^{kxsa) consisting of 
objects F such that H^{F) belongs to Mod^+{kxga) f^'"' J ^ ^• 

Remark 2.2.2 Let X be a real analytic manifold endowed with a subanalytic 
action o/M+ and consider the following diagram 

X xR+ X, 

p 

where p denotes the projection. As in classical sheaf theory one can define 
the subcategory Mod^^kx^a) ^od(/>;Xsa) consisting of sheaves satisfying 
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fi~^F c^p~^F. The categories Mod'^(fcxsa) <J'''^dMod^+ (kx^a) '^'^^ ^"i equiv- 
alent in general. 

Indeed, let X = M, set X'^ = {a; G M; x > 0} and let n be the natural ac- 
tion o/M+ (i.e. p{x,t) = tx). Let us consider the sheaf p\kx+ G Mod{kxsa)- 
Then 

fJ'~^Pikx+ — P\P''^kx+ — P\P~^kx+ ~p~V!^x+- 

Lei y = {x G M; 1 < X < 2} and set Wm = {x G M; ^ < x < m], where 
m G N \ {0}. Recall that p\kx+ — lin^ p*ku ~ lu^p^kwm- have 

UCCX+ rn 

T{V■p^kx+)^\^T{V;kwJ ^ k, 

m 

since V C Wm for m>2. On the other hand, let = {x G M; < x < n}, 
where n G N. Since M+F = X'^ we have 

T{X+-p,kx+) ^ )^T{V+-p,kx+) )^\\^T{V+-kwJ, 

n n m 

(in the second isomorphism we used the fact that G 0'if{Xsa) for each n) 
andV{V+\kwrn) = Ofor eachn,m e N. Hence F {V ; pikx+) ^ T{R+V; pikx+) 

Definition 2.2.3 We denote by Op(X3„ ]K+) the full subcategory ofOp{Xsa) 
consisting of conic subanalytic subsets, i.e. U G Op(X5„ jj+) ifUE Op{Xsa) 
and it is invariant by the action o/M"*". 

We denote by Xg^^-g_+ the category Op{Xg^^^+) endowed with the topology 
induced by Xga- 

We denote by p-g_+ : X-g_+ — >■ -'^sa^K+ the natural morphism of sites. 
Let T] : X X^+ and rjsa '■ Xga -^sa,iR+ be the natural morphisms of 
sites. We have a commutative diagram of sites 



} 


i- 


-^X 


sa 








Vsa 




R+ 


^ ^sa 





Lemma 2.2.4 Let F G Coh(X3„ ]K+). Then Vj^Pw+^F ~ p^rj~^F. 

Proof. Since all these functors are exact on Coh(X3„ ]K+), we may reduce 
to the case F = ku with U G Op^{Xga,R+)- Then we have 

VsaPR+*ku ^ V7aku ^ ku, 
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on the other hand we have 
and the result follows. 

□ 

Replacing Op'^{Xsa) with Op'^(XgaM.+ ), "we can adapt the results of |14) . 
|23) and we get the following results. 

Theorem 2.2.5 (i) Let G € Coh(Xsfj R+) and let {Fi} he a filtrant inductive 
system in Mod(/cx ^^ )- Then we have an isomorphism 

limHomfc^ (Pr+*G, Fi) ^ Honifc-^ (pr+*G, limFi). 

i i 

Moreover the functor of direct image p^+^, associated to the morphism 
in (|2.4p is fully faithful and exact on Coh(X^£j 

(a) Let F € Mod{kx^^^_^.)■ There exists a small filtrant inductive system 
{Fj}jg/ in Coh(X^a ]j+) such that F ~ lin^pjj+^Fj. 

i 

Notations 2.2.6 Since is fully faithful and exact on Coh(X^„R+), we 

can identify Coh(Xg£jig+) with its image in M.od{kx ^^)- When there is no 
risk of confusion we will write F instead of p^+^:F, for F E Coh.{Xg^^+). 

We can also find a left adjoint to the functor p^+- 

Proposition 2.2.7 The functor admits a left adjoint, denoted by p^+\. 
It satisfies 

(i) for F G Mod(A:Xjj+) and U € Op'^{Xg^^^+), p]^+\F is the sheaf associ- 
ated to the presheaf U i— >■ lin^ r(y; F), 

(a) for U € Op(XiR+) one has p^+ykjj ~ lin^ ky- 

yccC/,yGOp-(X„,,+ ) 

Remark 2.2.8 One can check that r]~^ o p^+^, ^ p^^ o r]~^ and p^^ o r]^^ ~ 
r]^^ o Remark that p\ o r]~^ 9^ r]~^ o p^+\. In fact with the nota- 

tions of Remark \2.2.^ we have p\rj^^kx+ — lin^p^fcyi/^ . On the other hand, 

m 

V7aPR+\kx+ ~ kx+- 
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Let us extend the notion of quasi-injective object of |14) . |23) to Mod{kx )■ 

Definition 2.2.9 An object F G Mod(A;x is quasi-injective if the func- 
tor Houik^ _^{-,F) is exact m Coh(Xg„R+) or, equivalently (see Theorem 

8.7.2 of iSl) if for each U,V e Op''{X,^^^+) with V C U the restriction 
morphism T{U; F) — )• T{V; F) is surjective. 

The category of quasi-injective object is cogenerating since it contains 
injective objects. Moreover it is stable by filtrant lin^ and Y\. We have the 
following result 

Theorem 2.2.10 The family of quasi-injective sheaves is injective with re- 
spect to the functor Honifc^ (G, •) for each G € Co\i{Xgg_^+). 

In particular 

Proposition 2.2.11 The family of quasi-injective sheaves is injective with 
respect to the functor T[U] •) for any U € Op(XgQjR+). 

2.3 An equivalence of categories 

Let X be a real analytic manifold endowed with an action of M+. In the 
following we shall assume the hypothesis below: 
/■ 

(i) every U E Opg^{X) has a finite covering consisting 
of M+-connected subanalytic open subsets, 
^2 5) ^ (ii) for any U G Op^„(X) we have R+U G Op(X,J, 

(iii) for any x (z X the set M+x is contractible, 

(iv) there exists a covering {KijnGN of Xga such that 
Vn is ]R+-connected and Vn CC Vn+i for each n. 

Let U G Op{Xsa) such that M'^U is still subanalytic. Let if be the natural 
map from r(R+[/; F) to r{U; ri'^F) defined by 

r(M+C/;F) ^ T{R+U;1^sa.V-^F) 
(2.6) r(M+C/;r?-iF) 

r(C/;r?-iF). 

Proposition 2.3.1 Let F G Mod(A:x^^ )• Let U G Op(Xsa) and assume 
that U is M.^ -connected. Then the morphism (p defined by (|2.6p is an iso- 
morphism. 
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Proof, (i) Assume that U G Op'^iXga) is M+-connected. Let F € Mod(A:x^^ g+ ), 
then F = liu^p^+^Fi, with Fi € Coh(X^jj We have the chain of isomor- 

i 

phisms 

Homfc^^J%,r/7^^1ii^PK+,Fj) ~ Honifc^^ J%, lii^p*r/"^Fi) 

i i 

~ liiijHomk ^{ku,r]~^Fi) 

i 

- lii^Homfc^^^ {k^+u,Fi) 

i 

~ Honifc^ (A:]R+^,limpK+^Fj), 

i 

where the first isomorphism follows since r/^^ o p^+^ ~ /?^, o r/^^ by Lemma 
12.2.41 and the third one follows from the equivalence between conic sheaves 
on X and sheaves on Xr+ . In the fourth isomorphism we used the fact that 
M+C/ G Op^(X,,,K+)- 

(ii) Let U € Op(Xsa) be R+-connected. Let {V^jnGN £ Cov(Xsa) be a 
covering of X as in (12. 5 p (iv) and set Un = U CiVn- We have 

(2.7) r(t/;r?7„iF) {Un, v7a F) ^ ^r(M+C/„;F) r(M+[/;F). 

n n 

□ 

We can extend Lemma 12.2.41 to Mod(A;Xj.+ )- 

Lemma 2.3.2 Let F G Mod(/cx^_^)- Then r]-^p,R+^F ~ p^rj-^F. 

Proof. Let F G Mod(A;x^^) and let U G Op'^(Xsa) be M+-connected. Then 

r([/; ~ r(C/; r/~iF) ~ r(M+C/; F), 

where the second isomorphism follows from Proposition 12.1.51 On the other 
hand 

r(C/;r/-VR+*i^) =^ r(M+[/;pK+,F) :^ r(M+C/;F), 

where the second isomorphism follows from Proposition 12. 3.1] Hence by (|2.5p 
(i) VlaPR+^F" ~ p*r]-''F. 

□ 
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Let us consider the category Mod]K+ (/cxsa) of conic sheaves on Xsa- The 
restriction of rjsa* induces a functor denoted by r/^a* and we obtain a diagram 

(2.8) ModK+(A;x.J ^==^Mod(/cx 

Vsa 

Mod(A;x.J 

Theorem 2.3.3 The functors rjsa* o-nd r]~^ in (12. 8p are equivalences of ca- 
tegories inverse to each others. 

Proof, (i) Let F G ModK+(/cx,J, and let U G Op^iXsa) be IR+- connected. 
We have 

r{U;F) ~ r(M+C/;F) ~ r(M+C/; ~ r{U;r];a%a*F). 

The third isomorphism follows from Proposition 12. 3.1] Then (|2.5p (i) implies 

V7aVsa* ^ id. 

(ii) For any U G 0p'^(X3„ ]K+) we have: 

T{U- iisa^Vj^F) ^ T{U- r^-^F) ^ T{U; F) 

where the second isomorphisms follows from Proposition 12.3.11 This implies 
Vsa*V7a - id. 

□ 

Notations 2.3.4 Since r]~^ is fully faithful and exact we will often identify 
Coh(Xga,R+) with its image in Mod^+^kx^a)- Hence, for F G Coh(X^a]K+) 
we shall often write F instead ofr]~^F. 

Thanks to Theorem 12.2.51 we can give another description of the category 
of conic sheaves. 

Theorem 2.3.5 Let F G Mod^+{kx^a)- Then there exists a small filtrant 
system {Fi} in Coh(X^„ ]K+) such that F ~ lii^p^,7/~-'^Fj. 

i 

Remark 2.3.6 Let F G Coh(X^(j ]j+ ) . The functor of inverse image com- 
mutes with lin^ and 

fi^^p^ri^^F ~ p^^fi^^rj^^F ~ p^p^^rj^^F ~ p^^p^^rj^^F. 
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Hence F € Coh(Xs„ iR+) implies F G Mod^{kx^J, where Mod^ikx^J is the 
category introduced in Remark \2. 2.S\ Since Vlod^ [kx^a) stable by filtrant 
liuj we have that F belongs to Mod'^{kxga)- Hence Mod]g+ (/cxsa) ^ /^^^ 
subcategory of Mod'^ {kx^a) ^^^R+i^Xsa) 9^ Mod^(A;x^„) in general. We 
have the chain of fully faithful functors 

Coh(X,,,K+) ^ Mod^+ikxJ Modf^ikxJ. 
2.4 Derived category 

Assume (12. Sp . Injective and quasi-injective objects of M.od{kx,sa) ^^'^ ^1°^ 
contained in M.od^+ (kga)- For this reason we are going to introduce a sub- 
category which is useful when we try to find acychc resolutions. 

Lemma 2.4.1 Assume that X satisfies (12. 5p . Then the following property 
is satisfied: 

{each finite covering of an -connected U E Op'^{Xsa) 
has a finite refinement {Vi}f^i such that each ordered 
union IJi=i ^ ^-^ M.^ -connected for each j G {1, . . . , n}. 

Proof. Let U G Op'^{Xsa) be M^-connected. Then each finite covering of 
U admits a finite refinement consisting of IR+-connected open subanalytic 
subsets. Let {Ui}f^i be a finite covering of U, Ui G Op^(Xsa) M+-connected 
for each i. We will construct a refinement satisfying (12. 9p . 

For /c = 1, . . . ,n set Vku ■= Uk and Vku := [/^(i) n M+(C/fc n [/^-(j)) for 
i = 2, . . . , n and a{i) = i — 1 if z < /c, CT{i) = i ii i > k. Then set 
Uk2 ■■= Ur=i "^fcii and Vk2i := C/^W n R+{Uk2 n For j = 1, . . . ,n 

define recursively f/^j = U;^^-^ IJILi ^kli and V^ji = U„(i) n M+(f7fcj n U^^i)). 
Remark that U^^i U"=i ULi ^p^* = Ui=i ]R+^,nC/. By Lemma |2A2] below 
all the sets V^ji are R+-connected and {Vkji}i^k,j is a refinement of 
satisfying (12. 9p (with the lexicographic order). 

□ 

Lemma 2.4.2 Assume that X satisfies (12. Sp (^iiij. Lei U,V,W be open and 
R+-connected. ThenUU{VnR+{UnV))U{Wr]R+{Ur\W)) is R+ -connected. 

Proof. In what follows, when we write M+x we suppose that M+x ~ R. If 
R+x = X everything becomes obvious. 



17 



(i) First remark that U V (resp. U dW, V (1 W) is M+-connected. 

Indeed, let xi € U DM^x, X2 G F RM+x for some x € X. Then xi = fi{x, a), 
X2 = n{x,b). Every path in M+x connecting xi and X2 contains /Lt(x, [a, 6]). 
Since U and V are M+-connected then U ClV D ij,{x, [a, b]). 

(ii) Now let us prove that U U {V nR+{U nV)) is R+-connected. Let 
xi, X2 G U U{V n R+{U n V)) n M+x for some x e X. Then xi = ^(x, a), 
X2 = b). We want to prove that /x(x, [o, 6]) C C/ U (1/ n IR+(f/ n V)). If 
xi, X2 G C/ it follows since U is M+-connected and if xi, X2 G F n M+(L'' fl 

it follows from (i). So we may assume that xi G U and X2 G F fl M+(?7 n F). 
Since U is M+-connected and X2 G M+xi, there exists y = n{x,c) G U (IV. 
Then //(x, [a, c]) C ?7. In the same way ^(x, [b,c]) C V (1 R+(C/ fl V) and 
hence /i(x, [a, c] U [6, c]) C U U {V n R+{U n F)). 

(iii) Let us show that U U {V nR+{U nV)) U {W nR+{U nW)) is R+- 
connected. Let xi, X2 G C/ U (V n M+(C/ n V)) U {W nR+{U n W)) H R+x 
for some x G X. Then xi = fi{x,a), X2 = n{x,b). We want to prove 
that //(x, [a, 5]) C [/ U (y n R+{U n F)) U (VF n M+(i7 n VF)). By (i) and 
(ii) we may reduce to the case xi G X2 G W. As in (ii), there exist 
yi = nix,c) e U nV and 7/2 = Kx,d) e U nW. Then /i(x, [c, d]) G [/, 
m(x, [a, c]) C V n R+{U n y) and fi{x, [b,d\) C n M+([/ n W). Hence 
/i(x, [c,d]U[a,c]U[5,d]) G i7U (F nM+(C/ny)) U (1^ nM+(C/n VF)) and the 
result follows. 

□ 

Definition 2.4.3 A sheaf F G Mod{kxsa) R'^-quasi-injective if for each 
R'^ -connected U G Op'^{Xsa) the restriction morphism T{X;F) — >■ r(U;F) 
is surjective. 

Remark that the functor r]~J^ sends quasi-injective objects of Mod(A;x^^ ^+ ) 

to M+-quasi-injective objects since r(;7; r]-J^F) ~ r(M+;7; F)ifU £ Op''(X^a) 
is M^-connected. Moreover the category of M^-injective objects is cogener- 
ating since injective objects are cogenerating in Mod(/sXsa)- 

Proposition 2.4.4 Let ^ F' ^ F ^ F" ^ be an exact sequence in 
Mod(fcxsa) ^''^d assume that F' is R'^ -quasi-injective. Let U G Op'^{Xsa) be 
R'^ -connected. Then the sequence 

^ r{U; F') V{U- F) r{U; F") 

is exact. 
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Proof. Let s" G T{U ; F"), and let {yj}"^]^ be a finite covering of U satisfy- 
ing (12. 9p and such that there exists Si G r(T^;F) whose image is s"\vi- For 
n > 2 on n V2 si — S2 defines a section of Viyi n V2;-F') which extends 
to s' G r(X; F'). Replace si with si — s'. We may suppose that si = S2 on 
Vi n 1^. Then there exists t G r(Vi U V2) such that = Si, i = 1, 2. Thus 
the induction proceeds. 

□ 



Proposition 2.4.5 Let ^ F' ^ F ^ F" ^ be an exact sequence in 
Mod{kxsa) assume that F' is -quasi-injective. Let U G Op{Xsa) be 
M.'^ -connected. Then the sequence 

^ r(;7; F') r{U; F) r{U; F") 

is exact. 

Proof. By ()2.5p (iv) there exists a covering {l^jngN of Xsa such that Vn is 
M+-connected and 1^ CC Vn+i for each n. For each n the sequence 

^ r([/ n K; i^') ^ r{u n K; i^) ^ r(c/ n K; f") ^ o 

is exact and the morphism T{U fl Vn+i] F') T{U R V^; -F) is surjective for 
each n since F' is R+-quasi-injective. Then by the Mittag-Leffler property 
(see Proposition 1.12.3 of |11| ) the sequence 

^ ^r(c/ n Vn, F') ]^r{u n f) ^ ^r(c/ n f") ^ o 

n n n 

is exact. Since ]^mT (U CiVn', G) ~ r(C/ ; G) for each G G Mod(/cXsa) the result 

n 

follows. 

□ 



Proposition 2.4.6 Let F',F be M.'^ -quasi-injective and consider the exact 
sequence F' — > F ^ F" — )■ m Mod{kx^J- Then F" is R+-quasi- 
injective. 

Proof. Let U G Op'^{Xsa) be M+-connected and let us consider the diagram 
below 

r(X;F) ^T{X;F") 



T{U;F)^^r{U;F"). 
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The morphism a is surjective since F is M+-quasi-injective and /3 is surjective 
by Proposition 12.4.4] Then 7 is surjective. 

□ 

It follows from the preceding results that 

Proposition 2.4.7 M"^ -quasi-injective objects are injective with respect to 
the functor T{U; ■), with U G Op{Xsa) CLnd -connected. 

Corollary 2.4.8 -quasi-injective objects are r]sa*-injective. 

Proof. Let — )• F' ^ F ^ F" —> be an exact sequence in Mod^+{kx,a) 
and assume that F' is ]R+-quasi-injective. By Proposition 12 . 4. 7l the sequence 

^ r{U;F') r{U;F) r{U;F") 

for any U G Op(Xg^]g+). This implies that the sequence 

r]sa*F' risa*F 7]sa*F" 

is exact. 

□ 

Theorem 2.4.9 The categories D^{kx ^_^) and D^^{kxsa) '^'^^ equivalent. 

Proof. In order to prove this statement, it is enough to show that r/^^ is 
fully faithful. Let F G D^{kx and let F' be an injective complex quasi- 
isomorphic to F. Since r/^^ sends injective objects to M+-quasi-injective 
objects which are 7/sa*-injective we have Rr]sa*'r]7a ^ ~ Vsa*'n^aF' ~ F' ~ F. 
This implies Rr]sa*'i]7a — id, hence r]~^ is fully faithful. 

□ 

Hence for each F G (kxsa) have F ~ r]g^F' with F' G D^{kx^^ )■ 

Proposition 2.4.10 Let F G D^{kx^^^+) and let U G Op{Xsa) be M+- 
connected. There is an isomorphism Rr(M+C/;F) ^ RT {U ; r]'^ F) . 

Proof. Let F' be a complex of injective objects quasi-isomorphic to F. 
Since r]~^ sends injective objects to M+-quasi-injective objects we have 

Rr(R+;7;F) ~ T(R+U;F') 
^ T{U-,7j^^F') 
^ RT{U-rj-^F), 
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where the second isomorphism follows from Proposition 12.3.11 



□ 



We extend Lemma ESSlto D^{kx^_^). 
Lemma 2.4.11 Let F G D^{kx^^). Then r]-^Rpj^+^F ~ Rp^r]-^F. 

Proof, (i) Let F S Mod(/cx _,.) be injective. Then for each M^-connected 
U G {Xsa) Rr{U;Rp^T]-'F) ~ Rr{U;T]-^F) ~ Rr(]R+[/;F) is concen- 
trated in degree zero. Hence -q^^F is i?/9^,-acyclic by (12. Sp (i). 

(ii) Let F G D^^{kx) and let F' be a complex of injective objects quasi- 
isomorphic to F. Then r]J^Rp^+^:F ~ risaPM.+ *F' — p*r]^^F' ~ Rp^ij^^F, 
where the second isomorphism follows from Lemma 12.3.21 and the third one 
follows from (i). 

□ 

2.5 Operations 

Let X be a real analytic manifold endowed with an analytic action of 1R+. 
In this section we study the operations in the category of conic sheaves on 

Proposition 2.5.1 Let F G Mod^+(kx) and let G G Mod]K+ (/cxs„)- 

(i) we have p^F G Mod^+ (kx^a), 
(ii) we have p^^G G Mod^+{kx)- 

Proof, (i) Let U G Op'^{Xsa) be M+-connected. We have the chain of 
isomorphisms 

r(;7; p^F) ~ T{U; F) ~ r(M+;7; F) ~ r(M+;7; p^F). 

(ii) We have G = lin^ p^G,-, with Gj G Coh(X^ji Then 

j 

p^Hm^p^,Gj ~ lin^p^^p*Gj ~ lin^ G,- 
j j j 

and lir^Gj belongs to Mod]g+ (/cx). 
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Proposition 2.5.2 Let F,G e ModK+ ) • Then 

(i) we have F®G e Mod]K+ (/cx^^), 
(a) we have T-Lom{F,G) € MoA^+{kxsa)- 
Proof. We have F = and G = Ym^p^.Gj, with Fj, Gj G Coh(X5„ 

i j 

(i) we have F ®G ^ Im^p^ (Fj (g) Gj) and Fj (g) Gj belongs to Coh(Xg„]K+) 
for each 

(ii) we have %om{F, G) ~ ^lin^p* ^om(Fj, Gj) and 'Hom{Fi, Gj) is conic 
for each 

□ 

Let / : X ^ y be a conic morphism of real analytic manifolds. 

Proposition 2.5.3 Let F G Mod^+{kx^J ^^^^ G G Mod]R+ (A;y^„ ) . 
('ij we /laue /*F G ModR+(fcy^^), 
(^iij we /iflwe f~^G G Modifj+ (/cxsa)- 

Proof, (i) Let U G Op'^(ysa) be IR+-connected. Since / commutes with 
the action of M"*", the set f~^{U) is M+ connected. We have the chain of 
isomorphisms 

r{rHU);F) ^ riR+ f-\U); F) ~ T{f-\R+U); F). 

Hence r{U; f^F) ~ r{R+U: f\F). 

(ii) We have G = Im^p^G-j, with Gj G Coh(y3„ K+). Then 
j 

j j j 

and f~^Gj is conic for each j. 

□ 

Now let us consider the operations in the derived category of conic sub- 
analytic sheaves. 

Proposition 2.5.4 Let F G Coh(X5„K+) and let G G D^+ikx^a)- Then 
R'Hom{F,G)eD'^^{kxJ. 
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Proof. We may reduce to the case G € Modig+(A;Xsa)- Then G = lin^p^Gj, 

i 

with Gj € Coh(Xg(j Then by Proposition 2.2.2 of |23) 

R^'Hom{F,G) ~ \\r^p^R^Hom{F,Gj) 

i 

for each A; G Z and the result follows since R^'Hom{F,Gj) is conic for each 
k € Z and for each j. 

□ 

Proposition 2.5.5 Let F e D^+{kx,J. Then Rf,F e D^+{kY,J. 

Proof. Remark that the functor r]~^ sends injective sheaves to /^,-acycic 
sheaves. This is a consequence of the fact that r]~^ sends injective sheaves 
to T(U; ■)-acyclic sheaves for each R^-connected U G Op(Xsa). There ex- 
ists F' € D^(A;x^^^+) such that F ~ rjJ^F'. Let /* be a bounded injective 
resolution of F'. Then rjJ^P is conic and /^-acyclic for each j. We have 
Rf*F — f*V7aI* s-iid f^'qJaP is conic for each j. 

□ 

Proposition 2.5.6 Let G G D^+{kY,J. Then f G G D^+{kx,J. 

Proof. We may reduce to the case G G Modig+(A;y^^). Then G = linjp^Gj, 

j 

with Gj G Coh(y^^^R+). By Proposition 2.4.5 of t23] we have H'^f G ~ 
Im^p^H^ f'Gj for each k € 7j and the result follows since is conic for 

i 

each k ^"L and for each j. 

□ 

Remark 2.5.7 The functor fu : Mod(/i:Xsa) ~^ does not send 

conic sheaves to conic sheaves in general. In fact, let p : ^ M? be the 
projection. R is a conic map with respect to the natural action of on M'^ 
andM?. Set 

U = {(x,y) GM^; (3;_i)2 + y2 ^ 
Bn = {{x,y) GM^; x^ + y^ <n}, 
B+ = 5„n(M+xM), 

S = M.+ {dU X {1}). 
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Let us consider the conic sheaf ks- By definition of proper direct image we 
have T{U;p\\F) = lm^T{p~^{U);TKF), where K ranges through the family 
K 

of suhanalytic compact subsets ofW^. Since U is bounded we have 

T{U-piiks) ~ IwfiU X R;rKks) ^ lu^T{U x R;r^2^[_^^„,^ks) ~ k, 

K m 

where m S N. On the other hand we have 
T{R+U;pnks) ~ ^r(5+;pHA;5) ^ l^lir^r(5+ x M; riR2x[_^,„] %) = 0, 

n n m 

where m,n (zf^, since T{B^ x M; r]g2x[_m,m.]^5) = each m,n. 

Hence we shall need a new definition of proper direct image for conic 
sheaves. 

Definition 2.5.8 We define functor /k+m of proper direct image for conic 
sheaves in the following way 

/r+!! : ModiR+(/cx,J Mod^+iky^J 

i i 

where Fi € Coh(Xg„ ig+). 

Note that if F € Coh(Xga K+) then f^+\\P*F ~ p^:f\F 9^ f\\p*F. Moreover 
this definition is compatible with the classical one. In fact /k+h commutes 
with p~^ and we have the following commutative diagram 

ModK+ {kx ) — ^ ModK+ {ky ) 

ModM+ (fcx. J — ModK+ (fcn J. 
Remark 2.5.9 With the notation of Remark \2. 5. 'T\ we have 

r(M+C/;pR+n%) ~ T{U-p^+uks) ~ k. 
In fact the restriction of p to S r\ {(x, y, z) G M^; x > 0} is proper. 
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Let us see an explicit formula for the sections of /k+ii. Let U € Op^(Xj,„ ig+ ) 
and let F = Iva^p^^Fj with Fi € Coh(Xs„ iR+). We have the chain of isomor- 

i 

phisms 

T{U-\u^p,m) ~ lii^r(f/;/,Fi) 

i i 

~ \u^T{r\uy,TznKFi) 

i,Z,K 

~ Im^ r(ri(f/);r2,ni^i^i) 

~ lin^r(/-i(C/);rz'n/^lin^P*i^*). 
Z',K i 

Here Z ranges into the family of closed subanalytic subsets of f~^{U) such 
that / : Z — )• [/ is proper, Z' ranges through the family of closed conic sub- 
analytic subsets of f~^{U) such that f~^{y) HM+x = {point} for any y G y, 
X € X, and K CC are conic and closed. The first isomorphism follows 
since U € Op'^{Xg^ the third since Fi is conic for each i and the last one 
since f-\U) H K CC X^+. 



It is easy to prove that projection formula and base change formula for 
conic sheaves are satisfied. Moreover, ]R+-quasi-injective objects are acyclic 
with respect to the functor /k+ii, since they are T-Lom{G, •)-injective for each 
GGCoh(X,,,K+)- 

In order to find a right adjoint to R/r+w we follow the method used to find 
a right adjoint to the functor proper direct image for subanalytic sheaves. We 
shall skip the details of the proof (which are an adaptation of the results of 
[23j ) . The subcategory Jx^^ ^+ of M+-quasi-injective objects and the functor 
/k+II have the following properties: 

^-^sa,R+ cogenerating, 
(ii) Mod(A:x^^ ) has finite quasi-injective dimension, 
< (iii) is /R+!!-injective, 

(iv) Jx^^ ^+ is closed by small ©, 

(v) /iR+n commutes with small ©. 

As a consequence of the Brown representability theorem (see [12], Corollary 
14.3.7 for details) we find a right adjoint to the functor Rf^+u, denoted by 
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f^+. By adjunction f^_^. commutes with Rp^, and as in |23j one can prove that 
H^f^+ commutes with filtrant lin^. Hence coincides with the restriction 

of/' to D'^^ikyJ. 

3 Fourier-Sato transform for subanalytic sheaves. 

In this section we construct the Fourier-Sato transform for subanalytic sheaves 
Reference are made to for the classical Fourier-Sato transform. 

3.1 Conic sheaves on vector bundles 

Let E ^ Z he a real vector bundle, with dimension n over a real analytic 
manifold Z. Then R"*" acts naturally on E by multiplication on the fibers. 
We identify Z with the zero-section of E and denote hy i : Z ^ E the 

embedding. We set E = E \ Z and t: E ^ Z denotes the projection. 
Lemma 3.1.1 The category Op(Esa) satisfies (12. 5p . 

Proof. Let us prove (|2.5p (i). Let {Vijigi^ be a locally finite covering of 
Z with Vi € Op%Zsa) such that r-^(Vi) ~ x and let {Ut} be a 
refinement of {V^} with Ui € Op'^{Zsa) and Ui C Vi for each i. Then U is 
covered by a finite number of T~^{Ui) and U r\T^^{Ui) is relatively compact 
in T~^iyi) for each i. We may reduce to the case E ~ x M". Let us 
consider the morphism of manifolds 

V9 : R™ X S"-i X M ^ M'" X M" 
(z,??,r) ^ {z,ri{^)), 

where i : S"^^ ^ R" denotes the embedding. Then ip is proper and 
subanalytic. The subset ip~^{U) is subanalytic and relatively compact in 
M™ X S"-i X M. 

(a) By Lemma [A.l.lll y;~^([/ \ Z) admits a finite cover {Wj}j^j such that 
the intersections of each Wj with the fibers of vr : x S"-i x M ^ x 

are contractible or empty. Then ip(Wj) is an open subanalytic relatively 
compact M^-connected subset of M™ x M" for each j. In this way we obtain 
a finite covering oiU\Z consisting of R+-connected subanalytic open subsets. 

(b) Let p € 7r((^^^(f/ CiZ)). Then 7:~^{p)r\U is a disjoint union of intervals. 
Let us consider the interval (m{p),M(p)), m{p) < M{p) € M containing 0. 
Set Wz = {{Pjt) G U; m{p) <r < M{p)}. The set Wz is open subanalytic 
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(it is a consequence of Proposition 1.2, Chapter 6 of |31]). contains ip~^{U CiZ) 
and its intersections with the fibers of vr are contractible. Then ip{Wz) is an 
open M+-connected subanalytic neighborhood oi U D Z and it is contained 
in U. 

By (a) there exists a finite covering {^(Wj)}j^j oi U \ Z consisting of 
]R+-connected subanalytic open subsets, and (p(Wz) U IJj^j '^(Wj) = U. 

By Proposition 8.3.8 of the category Op{Esa) also satisfies (|2.5p (ii). 
Moreover (12.51) (iii) and (iv) are clearly satisfied. 

□ 

Now let us consider E endowed with the conic topology. In this situation, 
an object U G Op{E^+) is the union of J7 € Op{E^+) and Uz € Op{Z) such 
that (Uz) C il. UU,V e Op(Sr+), then U CC V if Uz CC Vz in 
Z and [/ CC y in E^+ (this means that irQJ) CC tt{V) in E/R+, where 
vr : — )• £'/M+ denotes the projection). 

Applying Theorem 12.4.91 we have the following 

Theorem 3.1.2 The categories D^+{kEsa) ^''^'^ oif(^ equivalent. 

Consider the subcategory Mod^''_j, ]g+ (A;^;) of ModK_c^R+ (fes) consisting of 
sheaves whose support is compact on the base (i.e. r(supp(-F)) is compact 
in Z). 

Let us consider the natural map rj : E ^ E^+. The restriction of r]~^ to 
Coh(£'gQlR+) gives rise to a functor 

(3.1) fj-' : Coh(i?,,,K+) ^ Mod'^_^^^^ikE) 

Since the functor ri~^ is fully faithful and exact, we identify Coh(£^5Q ]R+) 
as a subcategory of Mod^_^^+{kE)- 

Theorem 3.1.3 The functor r]~^ in (13. ip is an equivalence of categories. 

Proof, (i) Let F £ Mod^_^^+{kE)- Let us show that F is E'^^ ]8+ -finite. 
We may reduce to the case E ~ x M" and Z ~ M™ x {0}. It is well 
known that if X is a real analytic manifold and G G M.od^_^{kx), then 
G is quasi-isomorphic to a bounded complex of finite sums (Bwkwi where 
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W G Op^,(X). 

Let us consider the diagram Z ^ E ^ Z, where i is the embedding. We 
have T.t:F € Mod^_j,(/c^). We have an exact sequence 

(3.2) K-i(y^) T-\,F ^ 0, 

where / is finite and Vi G Opg^{Z). 

j • 

Now let us consider the diagram S ^ E ^ S, where S = 



X S" and vr is the projection. We have j ^F\ . G Mod|_(,(A;s). Since 

F\ . is conic -K^^j^^Fl . ~ F| . . We have an exact sequence 
'e 'e ^e ^ 

(3.3) e,- K-^u,) ^ ^ 0. 

where J is finite and Uj G Op^^(S'). 

It is easy to check that the morphism t~^t^:F(BF . ^ F is an epimorphism 

E 

and we obtain the result by (13. 2p and (13. 3p . 

(ii) Let us show that F is -pseudo-coherent. Let G = (Bi^ikwn with 

/ finite and Wi G Op'^iEgaR+), and consider a morphism ip : G ^ F. Since 
F and G are M-constructible and conic, then ker ip belongs to Mod]g_c R+{kE), 
and its support is still compact on the base. 

□ 

As a consequence of Theorems 12.3.51 and 13.1.31 one has the following 

Theorem 3.1.4 Let F G Mod^+{kE^a)- Then there exists a small filtrant 
system {Fi} in Modg_^ ]^+ (/c^;) such that F ~ lin^p^Fj. 



We end this section with the following result, which will be useful in § 13.21 

Lemma 3.1.5 Let F G D^+{kE,a)- Then: 
(i) RnF ~ i^^F. 
(li) Rt»F ~ i-F. 

Proof, (i) The adjunction morphism defines Rt^F ~ i^^T^^ Rt^F — )> i^^F. 
Let V G Op^iZsa). Then 

lir^ i?^T(C/; F) ~ In^ R^r{U; F) ~ R''r{T-^{V); F) ~ R''T{V; RnF), 
udv udv 

t{U)=V 
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where U G 0\y{Xsa) and M+-connected. The second isomorphism foUows 
from Corollary 12.4.101 

(ii) The adjmiction morphism defines vF vt'RtuF ~ RtuF. Let 
V € Op'^{Zsa), and let K he a compact subanalytic M+-connected neigh- 
borhood of V in E. Then t~^(V) \ is M+-connected and subanalytic, and 
R+{t-'^{V)\K) = T-^{V)\Z. By Corollary 12X10] we have the isomorphism 
Rr{T-^{V);RTzF) c^RT{t-^{V);RTkF). 

It follows from the definition of Rtu that for any E Z and V G Op^(Zsa) 
we have R''r{V; RtuF) ~ lin^i?^T(r^^(y); RFj^F), where K ranges through 

K 

the family of compact subanalytic M"'"-connected neighborhoods of V in E. 

On the other hand for any A; G Z we have R^T{V; i'F) ~ R^Yiovii{i^kv , F) ~ 
R''Yioin{ui-^T-^kv,F) ~ R^T{t-''{V),RV zF) and the result follows. 

□ 



3.2 Fourier-Sato transformation 

Let E ^ Z he a real vector bundle, with dimension n over a real analytic 
manifold Z and E* ^ Z its dual. We identify Z as the zero-section of E 
and denote i : Z ^ E the embedding, we define similarly i : Z ^ E* . We 
denote by pi and p2 the projections from E Xz E*: 



E X E* 




Z 



We set 

P:={{x,y)eExE*; {x,y)>0} 
P' ■.= {{x,y)eExE*; {x,y)<0} 
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and we define the functors 





= Rpu RFp/ : {kE*J 












= Rp2* o RTp p-^ : {kE,, ) 


^D'rA^eiJ 




= Rpiw o (Op °P2 : D^+i^EiJ 





Remark 3.2.1 These functors are well defined, more generally they send 
subanalytic sheaves to conic subanalytic sheaves. 

Lemma 3.2.2 Let F G D^+{kE,J. Then supp((Rrp(p]"^F))p/) is con- 
tained in Z xz E* . 

Proof. We may reduce to the case F € Mod]g+ (/c^;^^). Then F = liuj p^,Fi, 

i 

with Fi G Mod^_^^j^+ (kE). We have 

H''{RTp{p^H\i^p,F^)p,) ~ l_ii^/7'=(Rrp(p^V*i^*)p') 

i i 

~ lh^p,H\Rrp{p^^F,)p,) 

i 

~ lh^p4H''iRrp{p^^Fi)p>))z>,,E', 

i 

where the last isomorphism follows from Lemma 3.7.6 of 

□ 



Lemma 3.2.3 Let A and B he two closed subanalytic subsets of E such that 
AUB = E, and let F G D^kE.J. Then RTAiFB) ~ (RrAF)^. 

Proof. We have a natural arrow {TaF)b — > Ta{Fb), and R{TaF)b — 
{RTaF)b since (•)p is exact. Then we obtain a morphism (Rr^F)^ 
Rr^(FB). It is enough to prove that for any k (z Z and for any F G 
Mod(A;£;^^) we have {R'^TaF)b R^^a(Eb)- Since both sides commute 
with filtrant lin^, we may assume F G Modjg_j.(/c£). Then the result follows 
from the corresponding one for classical sheaves. 

□ 
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Proposition 3.2.4 The two functors <I>p/,^p : D^+{kEsa) ^ ^m.+ (.^e*J 
are isomorphic. 

Proof. We have the chain of isomorphisms: 

^p,F = Rp2\\{Pi^F)pi 

~ i?P2!!Rrp((pflF)p/) 

~ Rp2\\{^Tp{p^^F))p, 
~ Rp2.{YiTp{p^^F))p, 
~ Rp2,'RTp{p:[^F). 

The first isomorphism follows from Lemma 13.1.51 (ii) , the second one from 
Lemma I3.2.3| the third one from Lemma 13.2.21 and the last one from Lemma 
[3X5](i). 



Definition 3.2.5 Let F € D^+{kE,a)- 

(i) The Fourier-Sato transform is the functor 

F^ = ^p,F ~ ^'pF. 
(ii) The inverse Fourier-Sato transform is the functor 

{■r : D'^^ikE^J ^ D'^^ikEj 
= ^p,F ~ ^pF. 

It follows from definition that the functors ^ and commute with 
and p'^. We have quasi-commutative diagrams 



F>UkEj 



Rp* 



P~ 

DLikE^a] 



■DiAkE'] 



D'iki 



This implies that these functors are the extension to conic subanalytic 
sheaves of the classical Fourier-Sato and inverse Fourier-Sato transforms. 
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Theorem 3.2.6 The functors ^ and"^ are equivalence of categories, inverse 
to each others. In particular we have 

Proof. Let F G D^^{kEsa)- The functors ^ and are adjoint functors, then 
we have a morphism F F^"^ . To show that it induces an isomorphism it is 
enough to check that Rr(f7 ; F) — )• Rr(J7; F^^) is an isomorphism on a basis 
for the topology of Esa- Hence we may assume that U is IR+- connected. By 
Proposition 12.4. 10) we may suppose that U is an open subanalytic cone of E. 
we have the chain of isomorphisms: 

RHom(%,F^^) = RHom(%,^'p/$p/F) 
~ RRom{^ P'ku,^p'F) 
~ RHom($p//c(/, ^p-F) 
~ KH.om{^P^p/ku,F) 
~ RHom(%,F), 

where the last isomorphism follows from Theorem 3.7.9 of and from the 
fact that the functors ^ and commute with Rp^,. Similarly we can show 
that for G G D^^{kE*^) we have an isomorphism G. 

□ 



Remark 3.2.7 We have seen that the functors ^ and ^ commute with 
and p^^ . They do not commute with p\ in general since it does not send 
conic sheaves to conic sheaves. We have the following commutative diagram 



DLikE..: 



■■D'ikE'] 



Pm+'. 

^eC 



Let us study some functorial properties of the Fourier-Sato transform. Let 
Z' be another real analytic manifold and let / : Z' — > Z be a real analytic 
map. Set E' = Z' >iz E and denote by (resp. /tt) the map from E' to E 
(resp. from E'* to E*). 
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Proposition 3.2.8 Let F G D^+{kE'^J. Then: 
LetGeD^^+ikEj. Then: 

Proof. The result follows adapting Proposition 3.7.13 of 



□ 

Let Ei, i = 1, 2 be two real vector bundles over Z , f : Ei ^ E2 a morphism 
of vector bundles. Set */ : ~^ ^1 the dual morphism. 

Proposition 3.2.9 (i) Let F G D^+{kE^,a)- Then: 

YiF'') {Rf^Fy 

YiF'') ^ {RhF^^'f-kEi 

T\F^) ^ {Rh+uFr 

THf'') ^ {Rh+nFr ®YkE'^. 

(a) Let G G L)^+{kE2sa)- Then: 

{for ^ {R%G^) 

{fkE,®fGY ^ {R%G'') 

if-'GY ^ R%M\G'' 

{fkE,®r^G)'' ^ R%+,G\ 

Proof. The result follows adapting Proposition 3.7.14 of |11] . 

□ 

Let Ei, i = 1,2 be two vector bundles over a real analytic manifold Z. 
We set for short E = Ei Xz E2 and E* = E^ x ^ £'2 . We denote by A the 
Fourier-Sato transform on i^j, i = 1,2 and E. 

Proposition 3.2.10 Let Ei G D^+{kE,,J, i = 1,2. There IS an isomor- 
phism 

M F^ ~ ( Fi M F2 
z \ z 
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Proof. Let and pi the i-th projection defined on Ej x z E* , j = 1,2 and 
E X E* respectively. Let P- = {{xj,yj) < 0} C Ej Xz E*, j = 1,2 and 
P' = {{{xi,X2), (2/1,2/2)) < 0} C £^ Xz E*. The Kiinneth formula gives rise 
to the isomorphisms: 



F(' m F^' ~ fip2!! Pi'Fi m p{-'F2 



p> 



It is enough to show that for any sheaf F € -D+(A;(£;xz£;*)sa) conic with 
respect to the actions of M"*" on Ej and E*,j = 1, 2, the morphism Rp2\\Fpi 

RP2V.Fp[xzP2 induces an isomorphism B!^p2\\Fpi — > R^p2\\Fp/^^^p^ for any 
k (z 7^. We may reduce to the case F concentrated in degree zero. Then 
as in ^ 12.31 one can show that F = lin^/9*Fj, with Fi conic with respect to 

i 

the actions of M+ on Ej and Ej, j = 1,2, M-constructible and with compact 
support on the base for each i. We have the chain of isomorphisms 

R''p2]](lu^p*Fi)pf ~ lu^p^R''p2\XFi)p> 

i i 

~ lir^/j*i?V2!(^i )p^xzP^ 

i 

~ i?V2!!(lh^P*i^i)p{xzP^- 
i 

R^P2\\ commutes with p^^ by Lemma l3 . 1 . 5 1 and the second isomorphism fol- 
lows from Proposition 3.7.15 of |11) . □ 



4 Specialization of subanalytic sheaves 

In this section we define specialization for subanalytic sheaves. We refer to 
|11] for the classical theory of specialization. 

4.1 Review on normal deformation 

Let X be a real n-dimensional analytic manifold and let M be a closed sub- 
manifold of codimension i. As usual we denote by TmX M the normal 
bundle. 
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We follow the notations of We consider the normal deformation of 

X, i.e. an analytic manifold Xm, an application {p,t) : Xm X xM, and 
an action of M \ {0} on Xm (x,r) ^x-r satisfying 

'p~^{X \ M) isomorphic to {X \ M) x (M \ {0}), 
< i^^(c) isomorphic to X for each c 7^ 0, 

t^^(O) isomorphic to TmX. 

Let s : TmX ^ Xm be the inclusion, $7 the open subset of Xm defined by 
{t > 0}, : Q ^ Xm and p = p o i^. We get a commutative diagram 




The morphism p is smooth and is homeomorphic to X x M+ by the map 
{P,t). 



Definition 4.1.1 Let S be a subset of X. The normal cone to S along M, 
denoted by Cm{S), is the closed conic subset of TmX defined by 

CM{S) = TMXnWW)- 

Let us recall the following result of 

Lemma 4.1.2 Let V be a conic open subset of TmX. 

(i) Let W be an open neighborhood of V in Xm o-nd let U = p{W H il). 
ThenV r\CM{X\U) = 0. 

(ii) Let U be an open subset of X such that V Cm{X \U) =0. Then 
p{U) U y is an open neighborhood ofV inVtiJ TmX. 

Lemma 4.1.3 Let V G Op(Tjv/Xsa) be conic. Each subanalytic neighbor- 
hood WofVin Xm contains a subanalytic neighborhood W satisfying 




(i) the fibers of the map p -.W i^Vt ^ X are connected, 

(ii) p{W n il) is subanalytic in X. 
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Proof, (a) Let W € Op{XMsa) be a neighborhood of V. Up to shrink 
W we may suppose V = Wn TmX. Set X' = Xm \ (M x M), 5 = X' /R+ . 
Then a : X' ^ S \s an R+-bundle and (p : S ^ X \s proper. Consider a con- 
tinuous subanalytic section of TmX TmX/Mj^ ^ extend it to a continuous 
subanalytic section a oi X' ^ S and set 

where denotes the connected component of a~^{x) r\W containing a{x). 
By construction, the fibers of W S are connected and W is an open 
neighborhood of F \ M. Let 

W"= U 

xeMnw 

where W" denotes the connected component of {{x} xM) CiW intersecting 
M. Up to shrink W", W = W'UW"U{W\ is an open neighborhood of 
V and satisfies (i). 

(b) Let us see that W is subanalytic and satisfies (ii). We may reduce to 
the case X = M", M = {0} x M""'^ c X, Xm = TmX = x {0} C 

Xm, n = W xR+ c Xm- So that {x',x",t) ■ c ^ {cx',x",c-H) is the 
action of M+ on Xm and p : Q X is the map {x',x",t) i-^ {tx',x"). In 
this situation X' = M"+i \ (M x M) ~ S^^'^ x M+ x M""^ x M. Moreover 
X7R+ ~ S^-^ X M"-^ X R, indeed 

X' = S xR+ = {{ci('d),x", sc-^), x", s)eS, ce M+}, 

where i : S"^^^ ^ R" denotes the embedding. The section a : S ^ S x {1} C 
X' is a globally subanalytic subset of X' . Let us consider the globally 
subanalytic (even semialgebraic) homeomorphism ip : Vt ^ Q, defined by 
V'(x',x",t) = Then 710^^=^, where vr : R" x R+ ^ R" is 

the projection. The set ip{W fl il) is still subanalytic. Let p € R". Then 
7r~^(p)nV'(VFnX'nil) is a disjoint union of intervals. Let us consider the in- 
terval {m(p),M(p)), m{p) < M{p) G RU{±oo} intersecting 'ip{ariQ). Then 
iP{W') = {{p,r) G i){WnX'nn); m{p) <r < M{p)}. The set il;{W' HQ) is 
open subanalytic (it is a consequence of Proposition 1.2, Chapter 6 of [31j). 
Moreover, up to shrink W we may suppose that p{W' fl $7) = p{a fl H 0) 
which is subanalytic. Indeed, since we are working in a local chart, we 
may assume that W r\ a is globally subanalytic. Let x" € R"~^. Then 
({x"} x R) n W" is a disjoint union of (bounded, up to shrink W) intervals. 
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Let us consider the interval (m(x"), M(x")), m{x") < M{x") € M containing 
0. Then W" = {r £ W r\ (M x R); m{x") < r < M{x")}. The set W" 
is subanalytic (it is a consequence of Proposition 1.2, Chapter 6 of [31]). 
Moreover (up to shrink W") p{W" n = W" n M, which is subanalytic. 

□ 



4.2 Specialization of subanalytic sheaves 
Definition 4.2.1 The specialization along M is the functor 

F ^ s-^RTnp~^F. 
Theorem 4.2.2 Let F e D^{kx,J. 

(i) ^i'}FeD'^^{kT,,xJ- 

(a) Let V be a conic subanalytic open subset ofTj^jX. Then: 

W{V;uf,F)c^\u^W{U;F), 

u 

where U ranges through the family of Op{Xga) such that Cm{X \ U)ri 
V = 0. 

(Hi) One has the isomorphisms 

{iyllF)\M ^ RniuijF) ^ F\m, 
{RrMiyilF)\M ^ RrniyfjF ~ {RTmF)\m. 

Proof, (i) We may reduce to the case F G Mod(/cXsa)- Hence F = lir^/?^,i^j 

i 

with Fi € ModK-c(^Xsa) each i. We have p~^lm^p^Fi ~ lir^/9^,p~^-Fj and 

i i 

p~^Fi is M-constructible and conic for each i. Hence p~^F is conic. Since 
the functors RTq and send conic sheaves to conic sheaves we obtain 
s-^RTnp-'F = ul-F e Z)^+(/ct^,x.J. 

(ii) Let U G Op{Xsa) such that V n Cm{X \U) = 0. We have the chain 
of morphisms 

Rr(C/;F) ^ Rr{p-^{U);p-^F) 

RT{p"^{U)nn;p-^F) 
^ RTip~\U)UV;RTnp-^F) 
^ Rr{V;ul^F) 



37 



where the thhd arrow exists since p~^{U) U y is a neighborhood of V in Q 
by Lemma 14.1.21 (ii). Let us show that it is an isomorphism. Let V be a 
conic open subanalytic subset of TmX. We have 

w 

~ lu^H''{Wnn;p-^F), 
w 

where W ranges through the family of subanalytic open neighborhoods of V 
in X. By Lemma 14.1.31 we may assume that W satisfies 04. ip . Since p~^F 
is conic, we have 

H'^iw nn;p-^F) ~ H''{p~^{p{w r\n));p-^F) 

~ H''{p{Wnn) X {l};p'^F) 
- H''{p{Wnn);F), 

where the second isomorphism follows since every subanalytic neighborhood 
of p{W nQ) X {1} contains an M+-connected subanalytic neighborhood (the 
proof is similar to that of Lemma l4.1.3p . By Lemma 14.1.21 (i) we have that 
p{Wni^) ranges through the family of subanalytic open subsets U oi X such 
that V n Cm(^ \U) = and we obtain the result. 

(iii) The result follows adapting Theorem 4.2.3 (iv) of jllj . 

□ 

Proposition 4.2.3 Let F G Mod(/cXsa) quasi-injective. Then i^^F is 
concentrated in degree zero. Moreover vf^jF is -quasi-injective. 

Proof. Since i^f^F is conic, it is enough to prove that {V; v'j^jF) = 0, 
j 7^ 0, when y is a conic subanalytic open subset of TmX. By Theorem 14. 2. 2 1 
we have H^{V; I'l'jF) ~ lin^ ff-^ (U; F), where U ranges through the family of 

u 

Op{Xsa) such that Cm(X \ C/) n F = 0, and W{U; i^) = if j / since F 
is quasi-injective. Moreover if C V2 are conic subanalytic open subset of 
TmX the morphism 

r(V2; uijF) ~ lin^r(C/2; F) ^ lm^r(;7i; F) ~ r{Vi; ullF), 
Ul U2 

where Ui ranges through the family of Op{Xsa) such that CMiX\Ui) (iVi = 
0, i = 1, 2, is surjective. 

□ 
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Let us study the relation with the classical functor of specialization vm- 

Proposition 4.2.4 Let F € D^{kx). Then p-^vfjRp^F ~ vmF. 

Proof. We have to show that for each x € TmX we have H^{p^^vf^^RpjfF)x — 
H^{vmF)x- Hence we have to prove the isomorphism \va^ H^{V; uf^jRp^.F) ~ 

xev 

lin^ff^(y; umF), where V ranges through the family of open M+-coimected 

relatively compact subanalytic subset of TmX. This is a consequence of 
Theorem 14 . 2 . 2 1 and Theorem 4.2.3 of 

□ 



Remark 4.2.5 Remark that the functor of specialization does not commute 
with Rp^ and p~^ in general. 

In fact let V G Op^a(rAfX) be M + -connected and let F G Mod(/cx)- 
Then H^{V;vf\Rp^F) ~ \m^H^{U ; F), where U ranges through the fam- 

u 

ily of Op{Xsa) such that Cm{X \U) r\V = 0, which is not co final to the 
family of Op(X) such that Cm{X \ U) r\V = . 

Now let V G Op^„ (Tm^) he W+ -connected and let G G Mod(A:x,J. Then 
H^(V;i'mP~^G) ~ lin^ l^m H^'iW-jG), where U ranges through the fam- 
u wccu 

ily of Op{Xsa) such that Cm{X \ U) r\V = and W e OY>{Xsa)- Then 
H\p-^ufiG)x / H''{yMp-^G)x. 



Let / : X — )• y be a morphism of manifolds, let be a closed subman- 
ifold of Y of codimension k and assume f{M) C N . We denote by /' the 
map from TX to X Xy TY associated to / and by : X Xy TY TY 
the base change. We denote by Tf the composite map. Similarly, replac- 
ing X, Y, TX, TY by M, N, TmX, T^Y we get the morphisms /^j, /mt, ?m/. 

We have a commuative diagram, where all the squares are cartesian 



TmX 



Xm "t 



/' 



TnY^^Yn' 



Qy^Y 



Recall that the following diagram is not cartesian in general 
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(4.2) 



Px 



X 



Xm 



r 



f 



Yn 



Y. 



Definition 4.2.6 (i) One says that f is clean with respect to N if f^^{N) is 
a submanifold M of X and the map ^f'j^j : M Xj\f T^Y — > T^jX is surjective. 

(a) One says that f is transversal to N if the map */'|xxyT*y ■ ^ 
T^Y — >■ T*Y is injective. 

If / is transversal to N and f~^{N) = M, then the square (|4.2p is carte- 
sian. 

We will not prove the following results, which can be easily recovered 
adapting § IV. 4. 2 of using the construction we did for subanalytic sheaves. 

Proposition 4.2.7 Let F G D^{kx,,)- 

(i) There exists a commutative diagram of canonical morphisms 



(a) Moreover if suppF — )• Y and Cm{suppF) — > Ti\fY are proper, and if 
suppF n f~^{N) C M, then the above morphisms are isomorphisms. 

In particular f is clean with respect to N and f~^{N) = M, then the 
above morphisms are isomorphisms. 

Proposition 4.2.8 Let G G D''{kY,J. 

(i) There exists a commutative diagram of canonical morphisms 



R{Tm f)R+ ill' mF 



^NRfR+\\F 



R{TMf).VMF 



VNRf*F. 



{Tufy^NG 



J^AlfG 
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(ii) Moreover if f : X ^ Y and /{m '■ M ^ N are smooth the above 
morphisms are isomorphisms. 

Let X and Y be two real analytic manifolds and let M, N be two closed 
submanifolds of X and Y respectively. 

Proposition 4.2.9 Let F G D^{kx,a) andG G D^{kY,^). There is a natural 
morphism 

Corollary 4.2.10 Let F,G e D''{kx,J. There is a natural morphism 

^AiF ®vmG ^ vm{F ® G). 

5 Microlocalization of subanalytic sheaves 

With the construction of the Fourier-Sato transform and the specialization 
we have all the tools to define the functor of microlocalization in the frame- 
work of subanalytic sites. See |11) for the classical theory of microlocaliza- 
tion. Then we introduce the functor ^hom^"" for subanalytic sheaves, we 
study the relations with the notion of microsupport of [15j and with the 
functor of ind-microlocalization of |16) . 

5.1 Microlocalization of subanalytic sheaves 

Let us denote by T^jX the conormal bundle to M in X, i.e. the kernel of 
the map M Xx T*X T*M. We denote by vr the projection T^^X M. 

Definition 5.1.1 Let F G D^{kxsa)- ^he microlocalization of F along M 
is the Fourier-Sato transform of the specialization, i. e. 

Theorem 5.1.2 Let F G D^{kx,,). 
(^) l^TiFeDl^{kT*^xJ- 

(ii) Let V be an open convex subanalytic cone ofT^^X. Then: 

W{V;f,j^F)o^lu^HUU;F), 

u,z 

where U ranges through the family of Op{Xsa) such that U H Al = 
7T(y) and Z through the family of closed subanalytic subsets such that 
Cm{Z) C V° , where V° denotes the polar cone. 
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(in) One has the isomorphisms 

{RTMtiTiF)\M - Rt^wI^TiF ~ illF ® 

Proof. The result follows from the functorial properties of the Fourier-Sato 
transform and Theorem 14.2.21 

□ 

As in classical sheaf theory, we get the Sato's triangle for subanalytic 
sheaves: 

f\m ® ujm\x RrM^lAf ^ R^^flTlP ^ 
where tt is the restriction of vr to T'^^X \ M. 

Proposition 5.1.3 Let F G Mod(A:Xsa) quasi-injective. Then p~^fif^jF 
is concentrated in degree zero. 

Proof. The result follows from Theorem I5.1.2l (ii). 

□ 

Remark 5.1.4 Remark that the functor of microlocalization does not com- 
mute with Rp^ and since specialization does not. If F G D^{kx) we have 
p~^ pfjRp^F ~ pmF since the Fourier-Sato transform commutes with p~^ 
and p^^ o o Rp^ ~ i/^j. 

Let / : X ^ y be a morphism of manifolds, let be a closed submanifold 
of Y of codimension k and assume f{M) C N . The map Tf defines the maps 

T*X X xy T*Y T*Y 

and similarly one can define the maps and /mtt- 

Applying the Fourier-Sato transform to the morphisms of ^ I4.2l we get the 
following results (see also [11] § IV. 4. 3 for the classical case) 

Proposition 5.1.5 Let F G D^{kx,J. 
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(i) There exists a commutative diagram of canonical morphisms 



m/n) 



HNRf*F. 



(a) Moreover if suppF — t- Y and CAf(suppF) Tj^^Y are proper, and if 
suppF n f~^{N) C M, then the above morphisms are isomorphisms. 

In particular f is clean with respect to N and f~^{N) = M, then the 
above morphisms are isomorphisms. 

Proposition 5.1.6 Let G G D^{kY,,). 

(i) There exists a commutative diagram of canonical morphisms 



(ii) Moreover if f : X ^ Y and /|m : M N are smooth the above 
morphisms are isomorphisms. 

Let X and Y be two real analytic manifolds and let M, N be two closed 
submanifolds of X and Y respectively. 

Proposition 5.1.7 Let F e D''{kx,J andOe D^iky^J- There is a natural 
morphism 



Corollary 5.1.8 Let M be a closed submanifold of X and let 7 : T^^X Xm 
T^X T^jX be the morphism given by the addition. There is a natural 
morphism 



RfMR+u(^M/N ^ Imt^I^nG) 



^'mJ'm-kI^nG 



fJ-MfG 



HmF M unG mxN{F M G). 
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5.2 The functor iihom""' 

We denote by A the diagonal of X x X, and we denote by 5 the diago- 
nal embedding. The normal deformation of the diagonal m. X x X can be 
visualized by the following diagram 



(5.1) 



TX- 



■Ta{X xX) 




Set Pi = Qi o i = 1, 2. While p and pi 
moreover the square is not cartesian. 



1,2, are smooth, p is not, and 



Definition 5.2.1 Let F £ D^_^{kx) and G G D^{kx,a)- set 

fihom"'{F,G) := fi'SR'Hom{q^^F,q^G) = {u'^Rnom{q2^F,q^G))^ . 

Let vr denote the projection from T^{X x X) to A ~ X. 

Proposition 5.2.2 Let F G D^_^{kx) andG G D^{kxsa)- There is a canon- 
ical isomorphism TT^phom'^"'{F,G) ~ R7iom{F,G). 

Proof. The result follows adapting Proposition 4.4.2 of [llj . 

□ 



Remark 5.2.3 The functor phom^"" is well defined also if F £ D^{kxsa)- 
In this case we do not know if phom^"'{F, G) has bounded cohomology or not. 

Remark 5.2.4 Adapting the results of^ \4.!^ and ^ \5.1\ one gets the functorial 
properties of phom for subanalytic sheaves. Since the proofs are essentially 
the same as the classical ones we will skip them and refer to JTDj . 

Let TT : T*X ^ X be the projection and consider the canonical 1-form lo, 
the restriction to the diagonal of the map *tt' : T*X XxT*X ^ T*T*X . We 
have a diagram 

j^*j^*X T*X Xx T*X T*X 




At*x 
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Lemma 5.2.5 Let F G D^_^{kx) and G € D^{kx,J We have 

uj-^fihom"'{Tr-^F,Tr-^G) ~ ^hom'''{F,G). 

Proof. We have the isomorphism *^^'^-^^lhom"'{F,G) ^ fihom"'{7r-^F,7T~^G). 
Hence we get the isomorphisms 

uj-^fihom'''{Tr-^F,Tr-^G) ~ u'^^tt'^ nhom'''{F,G) 

~ 5-}j^TT-^fihom"'{F,G) 
~ fihom"'{F,G). 

□ 



5.3 Microlocalization and microsupport 

In fTT] the authors prove that the support of fihom{F,G) is contained in 
the product of the microsupports of F and G. We extend this result to the 
functor fihom^"". Let X be a real analytic manifold and let T*X ^ X be 
the cotangent bundle. We recall the following two equivalent definitions of 
microsupport of a subanalytic sheaves of |15) . For the notion of microsupport 
for classical sheaves we refer to For the functorial properties of the 

microsupport of subanalytic sheaves we refer to |21) . 

Definition 5.3.1 The microsupport of F £ D^ikxaa)) denoted by SS{F) is 
the subset of T*X defined as follows. Let p G T*X, then p ^ SS{F) if one 
of the following equivalent conditions is satisfied. 

(i) There exists a conic neighborhood U of p and a small filtrant system 
{Fi} m C["'^](ModM.c(/cx)) with SS{Fi)nU = such that F is quasi- 
isomorphic to lin^p^Fj in a neighborhood of Tr{p). 

i 

(a) There exists a conic neighborhood U ofp such that for any G G L)^_^{kx) 
with supp(G) CC T^{U) and such that SS{G) C U U T^X, one has 
Hom^,(,^^j(G,F) = 0. 

Remark 5.3.2 In fl5\/ microsupport was defined for ind-sheaves. The above 
definition follows from the equivalence between subanalytic sheaves and ind- 
M.-constructible sheaves (see 121] for details). 

We need the following result of |21) . 
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Lemma 5.3.3 Let X,Y be two real analytic manifolds and let qi,q2 be the 
projections from X x Y to X and Y respectively. Let G € D^_^{kY) and 
FeD^kxJ. Then 



(5.2) SS{Rnom{q^^G, q^F)) C SS{F) x SS{Gf. 

Let M be a real closed submanifold of X. 

Proposition 5.3.4 Let F G D\kx,J. Then supp(/i|:^F) C SS{F)nTljX. 

Proof. Let F £ D^kx.J and let p ^ SS{F). There exists conic neign- 
borhood U of p and a small filtrant system {Fi} in C["'*](ModR-c(^x)) with 
SS{Fi) nU = such that there exists W € Op{Xsa) with U C Tr-'^(W) and 
Fw ^ lin^p*-Fj. We have H'^ ^"^^Fw ^ lin^p^H^ fiMF-iw, hence {fif'jF)\u = 

i i 

since supp(/iM-^j) ^ SS{Fi). 

□ 

Corollary 5.3.5 Lei G G D^_^(A;x), F G D^kx.J- Then 

supp(/iW*(F,G)) C n 
The result follows from Proposition 15.3.41 and (15. 2p . 

□ 

Let / : X — 7- y be a morphism of real analytic manifolds and denote by 
/tt : X Xy T*Y — ^ T*Y the base change map. 

Definition 5.3.6 Let f : X ^ Y be a morphism of real analytic manifolds 
and let F G D^iky,,). One says that f is non characteristic for SS{F) if 

f-^{ss{F)) n t;.y CX xy T^Y. 

If f is a closed embedding X is said to be non characteristic. 

Proposition 5.3.7 Let f : X ^ Y be a morphism of real analytic manifolds 
and let F G D^^ky^^). Assume that f is non characteristic for SS{F). Then 
the natural morphism 

f-^F®ujx\Y^ f-F 

is an isomorphism. 
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Proof. We may reduce to the case / closed embedding, hence we have to 
prove the isomorphism F\x ®ijJx\y — ^^xF\x when SS{F) (IT^Y C TpY. 
Consider the Sato's triangle 

F\x ®ujx\Y^ RTxFlx ^ RiT,^i':^F 4 . 

Since S'5(F) nTjy C T*Y we have R-k^iifF = by Proposition EAl and 
the result follows. 

□ 

Lemma 5.3.8 Let F G D^_^{kx) and let G e D''{kx,J. Then 

D'F RHomiq^^F, q^^G). 

Proof. We may reduce to the case F = kjj with D'ku ~ kjj and G quasi- 
injective. Set G = liu^p^Gj with € ModiR_c(A;x), we have the chain of 

i 

isomorphisms 

fe^G')g-i(F) - lH^P*(9^^G'i)g-i(c7) - li!$/'*rg-i({7)(g^^G'i) ~ T^-i^^^iq^^G) 

i i 

where the second isomorphism follows from Proposition 3.4.4 of [11] , 

□ 



Proposition 5.3.9 Let F G D^_^{kx) and let G G D^{kxsa)- Suppose that 
SS{F) n SS{G) C T^X. Then 

D'F(S)G^ RHomiF^G). 

Proof. Let 5 : A ^ X x X he the embedding and let us consider the Sato's 
triangle 

6-^Rnom{q^^F, q^G) uj^\xxX ^ Rnom{q];^ F, q^G) 
R-k^fihom'''{F,G) 4 . 

We have 6-Rnom{q^^F,qlG) ~ Rnom{F,G). Moreover 

6-^Rnom{q^^F,q'2G)(^ujj^\XxX ^ 6'^ Rnom{q^^ F, q^^G) 

~ 6-^{D'FmG) 
~ D'F®G 
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where the second isomorphism follows from Lemma [5.3.81 Then we obtain a 
distinguished triangle 

D'F G ^ Rnom{F, G) RiT^fj.hom"'{F, G) 4 
and the result follows since R'k^^hom^°'{F,G) = by Corollary 15.3.51 

□ 

5.4 The link with the functor jj, of microlocahzation 

We will study the relation between microlocahzation for subanalytic sheaves 
and the functor of jlGj. We will need first some results. Let X be a 
real analytic manifold and consider the normal deformation of A in X x X 
visualized by the diagram (15. ip . 

Lemma 5.4.1 LetG e D^{k^xxX)sa) o,''^dletF € D^_^{k(^xxX)sa)- We have 
Rrnp-^R'Hom{F,G) ~ RTnRnom{p-^F,p-^G). 

Proof. We may reduce to the case F G Mod^.dkxxx) and G G Mod{k(^xxX)sa)- 
Hence G = limp^Gj with Gj G ModiR_c(A;(xxX) ) ^or each i. Let f^^r^ be 

i 

the site induced by X x Xga on Q. We have 

H'^i^l^ p~^Rnom{F,lu^p^Gi) ~ l\^p,H''i^^p-^Rnom{F,G^) 

~ \\r^p^H''R'Hom{i^^p-^F,i^^p-^Gi) 

i 

~ \\i^p^H^i^^Rnom{p-^F,p-^Gi) 

i 

~ H''i^l_ Rnom{p-^F,l\inp^p-^G,). 

The second isomorphism follows because p o in is smooth. Composing with 

Rici * we obtain the result. 

xy.x.a 

□ 

Lemma 5.4.2 Let G G D^{kxsa)i then for i = 1,2 

(5.3) %0priG ~ Rnom{kn,pr^G) 

(5.4) kn^p^^G ~ R'Hom{kjj,pr^G). 
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Proof. Let us prove (|5.3p . Since for i = 1,2 pi is smooth, Proposition 3.16 
of |21| implies that SS{p^ G) n SS{kQ) is contained on the zero section of 

T*(X X X). Then the result is a consequence of Proposition 15.3.91 and the 
fact that D'kfi ~ k-^. The proof of (|5.4p is similar. 

□ 



Let cr be a section of T*X — > X and consider the following commutative 
diagram with cartesian square 

(5.5) 



T*X XxTX 




We set 



P 
P' 

P. 

PL 



{{{x, e), (x, v)) e T*X XX TX; (C, v) > 0} 
{((x, 0, {x, v)) E T*X XX TX; v) < 0} 
{{x,v) G TX; {a{x),v) > 0} = & 
{{x,v) G TX; {a{x),v) < 0} = a 



/-I 



/-I 



iP') 



The kernel K^j is defined as follows 
(5.6) := Rp\\{k-^(^ p\kp^) ® p\5^uj%^^ 

Proposition 5.4.3 (i) Let F e 



xX- 



and G € D\k 



Xs 



There is a 



natural arrow 



if : R-HomiF, K„ o G) ^ a-^fihom'^{F, G), 



where K„ o G means i?gin(g^^G (S) K^). 

(a) Let p : X ^ Xsa he the natural functor of sites. Then p^^{ip) is an 
isomorphism. 

Proof, (i)^ We have the chain of isomorphisms 

a~^phom'^{F,G) ~ a-^R7Tiu{TT^^u'^Rnom{q^^F,q^G) (g) kp>) 
~ RTxv.a'-^{7T2^u'^Rnom{q2^F, q[G) kp>) 
^ Rrxuii^ARnomiq^^F, q[G) kp^). 
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Consider the normal deformation of A in X x X visualized by the diagram 
(O). We have 



v'^Rnom{q^^F,q^G) ~ s-^KTnp~^ RUom{q:^^ F,q^G) 

~ s-^Rnom{p^^F, RTqp^^G) O T^^^ujf^x^x 

where the second isomorphism follows from Lemma 15.4.11 and the last one 
follows from Lemma [5.4.21 Hence we get 

a~^fihom''°-{F,G) ~ RTxnis'^Rnom{p2^F,p];'^G ^ kjj) (S) t^^^uj'^'^xxX 

~ Rp2\isu{s'^ R'Hom{p2^ F,p^'^G ® k^) ^t^^^^^IXxX ^ ^p^) 
~ Rp2ii{Rnom{p^^ F,p];^G k-^) P''^^*^^t\XxX ^ ^k)- 
(i)^ On the other hand we have the chain of isomorphisms 

K^oG ~ Rqi\\{q2^Gt^Rp\\{k-^(^ p\kp^)® p\5^uj®^~^^^) 
~ Rpi\\{p2^G ® k-^® p\kp^ p~^ p\5^.uj'^~^^^) 
— Rp2\\{Pi^G ® k-^® p\kpi^ p^^ p\5^.uj'^~^^^) 
~ Rp2\\iPi^G (g) kj^(g) pi{kp^ (gp-^6^ujf^^^^)). 

Hence we get 

Rnom{F, o G) ~ Rnom{F, Rp2n{Pi^G ® k^ ® pi{kp, (S) p-^6^uj^-^j^^^))) 
~ Rp2iiRnom{p2^F,p^^G (g) kj^(g) pi{kp>^ P''^S*^t\'xy,x)) 
~ Rp2ii{R'Hom{p2'^ F,p^^G (g) k:^) g, p\{kp^ ® p~'^6^u'^^^^^)). 

(i) ^ The adjunction morphism defines a morphism p\ p^,. It induces the 
morphism 

ip : Rnom{F, K„ o G) ^ a'^ phom"' {F , G). 

(ii) Composing with p~^ we get p~^ o p\ p^^ op* — id. Hence we get 

p~^{ip) : p-^ Rnom{F, o G) ^ p-^ cj-^ phom'" {F , G) . 
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□ 

Let TT : T*X X he the projection and consider the canonical 1-form cj, 
the restriction to the diagonal of the map V. Replace X with T*X and a 
with ixj in (|5.6p and consider the microlocal kernel 

Definition 5. 4. 4 The functor of microlocalization of 'Iff J is defined as 
p:D\kxJ ^ D'ikT^xJ 

Theorem 5.4.5 (i) Let F e D^_^{kx) and G G D^{kx,a)- There is a nat- 
ural arrow 

(5.7) if : Rnom{Tr-^F, pG) fihom'^'iF, G). 

(ii) Let p : T*X T*Xsa be the natural functor of sites. Then p~^(ip) is 
an isomorphism. 

Proof, (i) By Lemma [5 . 2 . 5 1 and Proposition 15.4.3] (i) we get the morphisms 
phom'^iF^G) c^uj~^phom"'{i:-^F,-K-^G) ^ RrLom{i:-^F, pG). 
(ii) The result follows from Proposition 15.4.3] (ii). 

□ 

Example 5.4.6 The morphism (15. 7p is not an isomorphism in general. For 
example let F G Mod{kx^a) . Then 

R'Hom{TT^^kx, pF) ~ R7iom{kT* x , pF) ~ pF, 

on the other hand we have 

phom"'{kx,F) ~ j^pxF ~ j^F, 
where j : T^X ^ T*X denotes the embedding of the zero section. 
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6 Holomorphic functions with growth conditions 



In this section we show how the functors we defined before generahze classical 
constructions. 

In § 16.31 we show the relation between specialization of Whitney holomor- 
phic functions with the functor of formal specialization of [6], and the sheaf 
of asymptotically developable functions of |,20j and [29\ . 

In § l6.4l we study the microlocalization of tempered and Whitney holomor- 
phic functions. We establish a relation with the functors of tempered and 
formal microlocalization introduced by Andronikof in pT] and Colin in j5]. 

6.1 Review on temperate and formal cohomology 

From now on, the base field is C. Let M be a real analytic manifold. One 
denotes by VbM the sheaf of Schwartz's distributions, by the sheaf of C°°- 
functions, and by T>m the sheaf of finite order differential operators with ana- 
lytic coefficients. As usual, for F £ Mod(CA/), we set D'F = R7iom{F,CM)- 

In |9] the author defined the functor 

Tnom{-,VbM) : ModR.c(CAf) ^ Mod(pM) 

in the following way: let U he a subanalytic subset of M and Z = M \ U. 
Then the sheaf T7iom{Cu,'DbM) is defined by the exact sequence 

TzVbM VbM Tnom{Cu,VbM) ^ 0. 

This functor is exact and extends as functor in the derived category, from 
I?^_j,(Cm) to D^{Vm)- Moreover the sheaf T7iom{F,'DbM) is soft for any 
M-constructible sheaf F. 

Definition 6.1.1 Let Z be a closed subset of M. We denote by I-'m z 
sheaf of -functions on M vanishing up to infinite order on Z . 

Definition 6.1.2 A Whitney function on a closed subset Z of M is an in- 
dexed family F = (F^)k£N" consisting of continuous functions on Z such 
that Vm € N, VA; € N", \k\ < m, Vx S Z, Ve > there exists a neighborhood 
U of X such that Vy, z U Ci Z 

<ed{y,zr-\'^\. 



\j+k\<m 



52 



We denote by ^ the space of Whitney -functions on Z. We denote by 
W^j^z the sheaf U^W^unz- 

In |13| the authors defined the functor 

w 

• : ModK.c(CM) ^ Mod(pAf) 
in the following way: let U he a subanalytic open subset of M and Z = M\U. 

w w 

Then C^/ = X^^^, and Cz ® C^j = V^m^z- This functor is exact and 
extends as a functor in the derived category, from D^_^{Cm) to D^(T>m)- 

w 

Moreover the sheaf F (S> is soft for any M-constructible sheaf F. 

Now let X be a complex manifold, the underlying real analytic mani- 
fold and X the complex conjugate manifold. The product X x X is a com- 
plexification of X^ by the diagonal embedding X^ ^ X x X . One denotes 
by Ox the sheaf of holomorphic functions and by Vx the sheaf of finite order 
differential operators with holomorphic coefficients. For F G D^_^{Cx) one 
sets 

Tnom{F,Ox) = Rnomv^{Oj^,T'Hom{F,VbxJ), 

W W 

F®Ox = RnomT>-{Oj^,F(^C^J, 

and these functors are called the functors of temperate and formal cohomol- 
ogy respectively. 

6.2 Tempered and Whitney holomorphic functions 

Definition 6.2.1 One denotes by T)b\j the presheaf of tempered distribu- 
tions on Msa defined as follows: 

U ^ T{M-VbM)/TM\u{M;VbM). 

As a consequence of the Lojasievicz's inequalities |17] . for U,V (z Op{Msa) 
the sequence 

^ vbij{u uv)^ T^b\j{u) e vb\^{v) vbij{u nv)^o 

is exact. Then "Dbj^ is a sheaf on M^a- Moreover, by definition T>b\j is 
quasi-injective. 
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Definition 6.2.2 One denotes hyC'^'^ the presheaf of Whitney -functions 
on Msa defined as follows: 

As a consequence of a result of [19j, for U,V (z Op{Msa) the sequence 

^ c^'-^iu uv)^ C'"(c/) e c~'"(y) ^ c^/^^iu n v) 

is exact. Then C^'™ is a slieaf on M^q. Moreover if f7 G Op(Msa) is locally 
cohomologically trivial (l.c.t. for short), i.e. if D'Cjj ~ Cjj, the morphism 
r(X;C^'™) —7- r([/;C^'™) is surjective and Rr(C/;C^'™) is concentrated in 
degree zero. 

We have the following result (see |14) . |23)). 

Proposition 6.2.3 For each F G ModiR_c(CAf) one has the isomorphisms 

p-^Rnom{F,Vbij) ~ T'Hom{F,VbM), 
p-^RUomiFXtr) ^ D'F^C^. 

Now let X be a complex manifold, the underlying real analytic mani- 
fold and X the complex conjugate manifold. One denotes by and the 
sheaves of tempered and Whitney holomorphic functions defined as follows: 

O'x ■■= Rnom,,T^-(prP^,Vbj,J, 
:= Rnom,,r,^ip,Oj^,C2n- 

The relation with the functors of temperate and formal cohomology are 
given by the following result (see |14| . |23] ) 

Proposition 6.2.4 For each F £ D^_^{Cx) one has the isomorphisms 

Tnom{F,Ox) ^ p-^Rnom{F,0^x), 
D'F®Ox ^ p-^RnomiF,^^). 



6.3 Asymptotic expansions 

Let M be a real analytic manifold. We consider a slight generalization of 
the sheaf of Whitney C°°-functions of |14] . 
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Definition 6.3.1 Let F G ModK.c(CM) and let U G Op(Msa). We define 
the presheaf C^j^ as follows: 

r, , W 

U ^ r(M; H^D'Cu OF® C^). 
Let U,V e Op(Msa), and consider the exact sequence 

^ Cunv Cu ®Cv ^ Cuuv ^ 0, 
applying the functor 'Hom{-,€-M) = H^D'{-) we obtain 

H°D'Cunv H^D'Cu H^D'Cy H°D'Cuuv, 

W 

applying the exact functors - ^F, '®Cm taking global sections we obtain 

^ c^p([/ u F) ^ c^p([/) © c~p(F) ^ c^f ([/ n F). 

This implies that C^j^ is a sheaf on Msa- Moreover if J7 G 0p(M5a) is l.c.t., 
the morphism r(X;C^'™) — >■ V{JJ\C^'^) is surjective and Rr(C/;C^j^) is 
concentrated in degree zero. Let O^F— >-Obean exact 
sequence in ModK.c(CM)) we obtain an exact sequence in Mod(CMso) 

(6.1) -> C^J^ ^ Cj^^J^ ^ C^j^ ^ 0. 

We can easily extend the sheaf C^j^ to the case of F G D^_^(Cm), taking 
a finite resolution of F consisting of locally finite sums ©Cy, with V l.c.t. 
in Op^(Msa). In fact, the sheaves C^j™^,^ form a complex quasi-isomorphic 
to C^jp consisting of acyclic objects with respect to V{U; •), where U is l.c.t. 
in Op^(M,„). 

As in the case of Whitney C°°-functions one can prove that, if G G 

D^_^{Cm) one has 

W 

p-^RHomiG, C^^) ^D'G®F®e^. 

Example 6.3.2 Setting F = Cm obtain the sheaf of Whitney -functions. 
Let N be a closed analytic submanifold of M. Then C^j^^^^ is the sheaf of 
Whitney C°° -functions vanishing on N with all their derivatives. 

Notations 6.3.3 Let Z be a locally closed subanalytic subset of M. We set 
for short C^'^ instead of C^j^^ . 
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Let be a closed analytic submanifold of M, let T^M N he the 
normal vector bundle and consider the normal deformation as in § 14.11 
Set F = C]\j\]\f, G = Cm, -fT = Cat in (|6.ip . The exact sequence 

^ ~^ ^M\M\N ~^ ^M\N ~^ " 

induces an exact sequence 



in fact let 1/ be a l.c.t. conic subanalytic subset of and U € Op(Msa) 
such that CM{X\U)r\V = 0, then we can find a l.c.t. U' <ZU satisfying the 
same property. Moreover it is easy to see that z/|^C^j^ ~ r^-'^C^j^, hence 
we get the exact sequence 

(6.2) Q ^ v^C^^^j^^ ^ Vj^C,^ -^T C^j^^^O. 

Now let us study the relation with the constructions of [6j. In that work 
the author defined the functors of Whitney specialization as follows: let 
F G D^_^{kM), then 

wur,iF,C]S) = s-'R'Homr,-^iVj^^^^.^,ip~'F)n^C]S). 
The stalks are given by the following formula: let v E T^M. Then 

H\wvn{F,C^)), ~ \u^H\X; F^ ^ C^), 
u 



where U G Op{Msa) 1-c.t. such that v ^ Cm{X \ U). By Theorem 1322] (ii) 
it turns out that 

this means that Whitney specialization is obtained by specializing the sheaf 

Assume that M ~ {(x,y) G x R"-^} and iV ~ {0} x R"~^. A sector 
5" of M is a subanalytic open subset S = U x V with U G Op(M"q7^) and 
V = W r\ 5(0, e), where W G Op(M^^]j,+ ) and 5(0, e) is the open ball of 

center and radius e. We say that S' is a subsector of if S' \ A^ C S" 
or, with the notations of Definition 12.1.71 if M+S" CC M+S* with the conic 
topology. We write for short S' < S. 
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Definition 6.3.4 Let S be an open sector of M and let f € Cf^. One says 
that f is asymptotically developable along M , if there exists a formal series 
X^fcgN* (ik{x)y^ with C°° coefficients such that, for all S" < m E N, 
there exists C > such that 



V(x,2/) gS', 



\k\<Tn 



<C\\y\ 



One denotes by cri^(S) C the space of functions asymptotically devel- 
opable along M, and by afj = {f e C]^{S), VA; G D'^f G fTA/(S)}. 

We have the following result (see Proposition 2.10 of ||6]). 

Proposition 6.3.5 Let S be a sector of M . Then T{R+S; p'^uf^C^/^) ~ 
(T^(S') and r(M.'^ S; p~^i'f^C^',^~^j^) is the subspace of functions asymptoti- 
cally developable to the identically zero series. 

Applying the functor to the exact sequence (16. 2p we obtain the exact 
sequence 

O^p ^nCm\m\n^P ^nC-m ^ CJ^,/|^^0, 

where the surjective arrow is the map which associates to a function its 
asymptotic expansion. 

Let X be a complex manifold and let Z be a complex submanifold of X. 
Let F G D^_^{Cx)- We denote by O'^^p the sheaf defined as follows: 

^x\F ■= R'Homp,T)-{piOj^,C'^^Jp). 

Let O^F^G—T'H—T'Ohean exact sequence in ModiR-c(Cx)- Then the 
exact sequence (|6.ip gives rise to the distiguished triangle 



(6.3) OJ^p ^ O-,^ ^ O^i^ 4 . 

If we consider the functor of specialization of formal cohomology of [6] 

wuz{F,Ox) = Rnom,-.T,_{T-^0^,wvz{FX^^)): 
we have the isomorphism 

wyz{F,Ox)^p-^ufOl^p. 
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Setting F = 'Cx\Zi G = Cx, H = Cz in (|6.3p and applying the functor of 
specialization, we have the distinguished triangle 

(6.4) p vz Ox\x\z ^ P ^z^x ^ P T Ox\z ^ • 

The sheaves /9~^z^™0^ and p^'^T^'^Ox\z ^-re concentrated in degree zero. 
This follows from the following result of [7]: if C/ € Op(Xsa) is convex, then 

w 

Rr(X; (S> Ox) is concentrated in degree zero. Moreover (see |13) ) the 
sheaf isomorphic to the sheaf Ox\z^ the formal completion of 

Ox along Z. We have an exact sequence 

^ p-^H%fOl^x\z ^ p-^^fOx ^ T-^OxU ^ p-^H^iyfOl\x\z ^ 0. 

Let a^\S) be the space of holomorphic function asymptotically devel- 
opable in S*, having an asymptotic expansion with holomorphic coefficients. 
We have the following results of [6]. 

Proposition 6.3.6 Let S he a sector of M. Then r(M+S'; p-^i/f^O;^) ~ 
a^\S) and Ti^'^ S; p'~^v'^z^'x\x\z) ^■^ subspace of functions asymptoti- 
cally developable to the identically zero series. 

Proposition 6.3.7 The distinguished triangle (|6.4p induces an exact se- 
quence outside the zero section 

(6.5) ^ p-^H%fOl\z\f^x ^ P'^^'zOW^^^ ^ Oxb ^ 0. 
On the zero section we have the exact sequence 

(6.6) ^ Ox\z ^ OxTz ^ p-^H^vfOl\^^z\z ^ 0. 

Remark that on the exact sequence (|6.6p we used Theorem 14.2.21 (iii) and 
the fact that p^^O^ ~ Ox- 

Example 6.3.8 Set X = C and Z = {0}. Outside the zero section the 
sheaves p '^i^^z^l<:\x\z '^'^^ p '^^'z^lc ^'"^ ^^^^ known sheaves Aq and A 
of Malgrange }20lj and Sibuya f29^ . These sheaves were defined in the real 
blow up of the origin of C identified with §^ x (M+ U {0}). Let it be the 
projection on C. The sequence (|6.5p is a generalization of the exact sequence 
in Mod(C§i) 

O^Ao^A^ 7r"^C[[z]] 0, 
and the sequence (|6.6p is a generalization of the exact sequence 

^ C{z} C[[z]] H\§^;Ao) 0. 
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6.4 Microlocalization of and 0\ 

Let / : X — > y be a smooth morphism of real analytic manifolds. We have 
the following results (see the Appendix): 

Rnomp,Vx{p^Vx^Y,'Db'^x) - r^'^b'y, 
Rnomp,T>x{p\'^x^Y,C^'^) ^ f'^CY'""- 

Let us consider the normal deformation of the diagonal in X x X of diagram 
(15TT]) . Let F € D^_^{Cx)- We recall the definitions of the Andronikof's 
functor of microlocalization of tempered distributions 

tfihom{F,Vbx) := Tnom{{p^'F)n,m^)[-l]))'^ 
and Colin's microlocalization of the Whitney tensor product 

F0C^:= is-'Rnom{V^,j^^,{p^'F)j^^C^)r. 

Theorem 6.4.1 Let F G D^_^{Cx)- We have the isomorphisms 

(6.7) p-^iihom'^iF^Vh^x) - tfihom{F,Vbx), 

(6.8) p-^fihom'^iF^x'^) ^ (D'F^C^)", 

where {■)"' denotes the direct image of the antipodal map. 
Proof. Let G G D^Cx.J- We have 

phom'^{F,G) ~ {s-^RTQ,p-^RrLom{q:^^F,q-^G))^ 

~ {s-^RTnR'Hom{p~^q^^F,p-^q-^G))'' 
~ {s'^Rnom{{p-^q^^F)n,p-^qiG))'' 

~ {s-\R'Hom{{p-\^^F)n,p-\^^G)(^p-^q-^Cx)T 
~ {s'^Rnom{{p^^F)n,p^^G) V'ftCx)^, 

where the second isomorphism follows from Lemma 15.4.11 
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(i) Let us prove (|6.7p . Setting G = T>b^ and composing with p ^ we have 
p^'^fj.hom"'{F,Vbj^) 

:^ {s-'p-'Rnomp,v^JpiV^,^^,Rnom{{p^'F)n,Vb'^))^s-'p-'q[Cx)'' 

^ {s-'Rnomv^jV^r^^,p-'Rnomiip^'F)n,Vb'^)) ® s-Wq[Cxr 
{s-^Rnomv^jV^r>^^, Tnom{{p^'F)n,Vb^))(g,s-'p~'q[Cxf 



(^"'(V^^^ ^^^x Tnomiip^'F)n,Vb^^)[-l])y 



~ tphom{F,'Dbx)- 
(ii) Let us prove (|6.8p . Setting G = C^'" and composing with p~^ we have 

s-^p-'Rnomp,jy^Jp,V^,^^,Rnom{{p,'F)n,C'^))r'' 



s-^RHomv^ iV^,.,p-'R'Homi{p^'F)n,C°^ 

Xxx^ XxXAX ' ' XxX 



- ('''^^-^^^x^^jrrx^^x^^'(P2'Fh^cf^^)r 

where the last isomorphism follows since 

D'i{p^'F)n) ^ RTnD'ip^'F) ^ RTup^'D'F ^ {p^^D'F)^. 
Here we used Lemma 15.4.21 and the fact that p2 is smooth. We have 

i W W 

and the result follows. 



□ 



Let X be a complex manifold and let F G D^_^{Cx)- In llj and [5j the 
authors constructed the functors tphom{F,Ox) of tempered microlocaliza- 

w 

tion and F Ox of formal microlocalization taking the Dolbeaut resolutions 
of the real ones. 
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Theorem 6.4.2 Let F S D^_^{Cx)- We have the isomorphisms 

(6.9) p-^fihom"'{F,0*x) ^ tfihom{F,Ox), 

(6.10) p-V/iom""(F,0^) ~ {D'F®OxT, 

where (•)" denotes the direct image of the antipodal map. 

Proof. The result follows by taking Dolbeaut resolutions on the left and 
the right-hand side of (16. 7p and (16. Sp . Let us see the proof of (j6.9p . Let 
F G -D^_^(Cx)- We have the chain of isomorphisms 

nhom'^iF.O^x) 

~ {s-^R'Hom{{p:,^F)^,p-^Rnomp,v^{p^O^,Vh'xJ))''[-l] 

^ is-'Rnom{ip,'F)n,Rnom^^^^^^_ip^'p,Pj^,p:,Vb'xJ)r[-l] 

^ is-'Rnom^-^^^^{p^'p,Oj^,Rnomi{p^'F)n,AVb'xJ)r[-l] 

^ {Rnom^.,^-r^^^Js-'p^'pP^,s-'Rnom{ip^'F)nJimj,J)^^ 

^ iRnom^-.^^^_iT-'pP^,s~'Rnom{{p,'F)n,P,Vbj,J)f^^^ 

^ R'Hom^-ip,j,_i7r-'p,Oj^, {s^^ Rnom{{p:,^ FUA'Dh'x^))^)[-l] 

~ Rnomp,T^{prO^,phom'''{F,Vb'x^)). 

Applying the functor we have 

p'^phom'''{F,0'x) ^ p-'Rnomp,T^{p,Pj^,phom'^{F,Vb'xJ) 
~ Rnomv^{Oj^,p~^phom'^F,Vb'xJ) 
~ RnomT)-{Oj^,tphom{F,VbxJ) 
~ tpLhom{F,Ox)- 

The proof of (|6.10p is similar. 

□ 

7 Integral transforms 

In this section we give some applications related to the microlocalization of 
subanalytic sheaves. We show the existence of a natural action of microlo- 
cal operators on tempered and formal microlocalization. We show also the 
invariance under contact transformation of tempered and formal microlocal- 
ization. 
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7.1 £^x-modules 

Let X be a complex manifold of complex dimension dx- Following the 
notations of [ll] one sets £^ = H'^^ (fi^O^^'^'^^). It is a sheaf of rings over 
T*X and for each F G D^(Cx), j G Z the sheaf W fihom{F, Ox) is naturally 
endowed with a structure of left £'^-module. The sheaf £^ is called the ring 
of microlocal operators on X. It contains a subring, denoted by £x and called 
the ring of (finite-order) microdifferential operators. We will not recall all 
the properties of this sheaf and refer to [26j for a detailed study. 

In m the author introduced the sheaf of tempered microdifferential 
operators as 

Sff ~H''^{tfihom{CA,Oxxx) ^ 

Oxxx 

Proposition 7.1.1 One has S^'-^ ~ p-^H'^^ ^'lO^^;^^\ 
Proof. There is a natural morphism 

P\Oxxx 

Applying the exact functor we obtain the morphism 

which is an isomorphism on the fibers by Theorem 15.1.21 

Let us recall the following results: 

• the sheaf t^ho'm{C/\,Oxxx) is concentrated in degree dx, 

• one has the ring inclusions £x C S^'"^ C £x- 

7.2 Integral transforms 

Let X, Y, Z be three manifolds. Let qij be the (i, j)-th projection defined on 
XxYxZ and let pij be the (i, j)-th projection defined on T*X x T*Y x T*Z. 
Let pfj be the composition of pij with the antipodal map a and let j : 



□ 
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XxYxYxZ—^XxYxZhe the diagonal embedding. Consider the 
following diagram 



(7.1) T*{X xY) xT*{Y X Z)^ 

T*{x X Y) xy r*(y X z) 

T*{X xY X Z) 



Pl2 ^P23 



T*X X T*Y X T*Z- 



I idxp2Xa 

■ T*X xT^ {Y xY)x T*Z 



Pl3 



^13 



T*X xY X T*Z 

<?137r 

T*X X T*Z. ^ 



For Fi € Z)^(fc(xxY),J and E D\/c(yxZ),J set F^oF^ = iJgiaiife^Fi® 

923^^2) and for d € D^{k(T*XxT*Y)sa) and G2 G D^{k{T*YxT*Z)sa) set Gi S 
G2 = -Rp^3]g+,,(p^^^Gi <8>P23'^^2)- We need this proposition which follows 
from the functorial properties of ^/lom*" (it is an adaptation of Proposition 
4.4.11 of [11]). 

Proposition 7.2.1 Let us consider the sheaves Ki G F>^_^{kxxY), Fi G 
D''{k(^XxY)sa)' -^2 G D^_JkYxz) and F2 G D^{k(^YxZ),a)- Suppose that qi3 
is proper on supp{q^2 Ki (8) q2^K2)- There is a morphism 

(7.2) fihom'^'iKi^Fi) o fjhom'''{K2, F2) tihom'"'{Ki o K2, Fi o F2). 

Proposition 7.2.2 Let X = 0,t. Let Ki G D^_^{Cxxy) andK2 G D^_^{Cyxz) 
Suppose that qi3 is proper on supp((/^2^i^i (8>g^3^i^2)- Morphism (|7.2p defines 
a morphism 



(7.3) 



/x/iom^"(Ki,0^(JJ^^) o fihom'^{K2,Oy^^^f'') 

A(0,dz)x 



^ lihom'^K^ o K2, 0^x'"^^/')[-dY]. 

Proof. It follows from 1^ setting Fi = 0^°^y'\ F2 = 
the integration morphism O'^^y^^ o Oy^'^^^ — t- O^xZ^^ 



A{0,dz) 

yxz 



and using 



□ 



Corollary 7.2.3 Morphism (|7.2p induces the ring structures on £^ and 



X 
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Proof. It follows applying p ^ to (|7.3p with X = Y = Z and Ki = K2 = 

□ 

Proposition 7.2.4 Let F € D^_^{Cx)- Morphism (17. 2p defines a morphism 

(7.4) f^'^0f//\dx] ® i^hom^'^iF, O^) ^ p/jom^"(F, O^). 

Proof. We apply Proposition 17.2.11 with X = Y, Z = {point}. We 

set {Ki,K2,Fi,F2) = {CA[-dx], F,0^^^x''\^x)- I" this case we have 
Ca o F ~ F. We obtain the desired morphism using the integration mor- 

□ 

Applying the functor p^^ to (j7.4p . we find the morphisms of and [llj 
(recall that p'^ ixhom'"'{F, O^) ~ tphom{F, Ox))- 

Corollary 7.2.5 Morphism (|7.4p induces morphisms 

(7.5) £^'^ p-^phom"'{F,0''x) ^ p-^ phom"'{F,Ol^) 

(7.6) £^ (g> phom{F,Ox) ^ phom{F,Ox) 

which induces a structure of S^'-^ -module (resp. S^-module) on the sheaves 
H^p-^'phom'^iF^O^x) (resp. phom{F,Ox)), for each keZ . 

Now we will study the action of Sj^''' on formal microlocalization. We first 
need to introduce the sheaf of tempered C°°-functions. 

Definition 7.2.6 Let X be a real analytic manifold and let U G Op{X). Let 
f G T(U;C^). One says that f has poynomial growth at p ^ X if for a local 
coordinate system (xi, . . . ,x„) around p, there exists a compact neighborhood 
K of p and N ^'H such that 

sup {d{x,K\U))^\f{x)\ < 00. 

x€KnU 

One says that f is tempered at p if all its derivatives have polynomial growth 
at p. One says that f is tempered if it is tempered at any point. 
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Definition 7.2.7 One denotes byC^'^ the presheaf of tempered C°° -functions 
on Xsa defined as follows: 

U^{f (£ r([/;C^), / IS tempered}. 
As a consequence of a result of [13j, for U,V (z Op^Xga) the sequence 

^ C^'^iu uv)^ Cx'\u) e c^'*(y) ^ c^'*(?7 n v) 

is exact. Then C^'* is a sheaf on X^q. Moreover Rr(C/ ; C^'*) is concentrated 
in degree zero for any U E 0^{Xsa)- 

We have the following results (see [14] )■ 

Proposition 7.2.8 For each F G D^_^{Cx) 

one has the isomorphism 

p-^Rnom{F,C'^'^) ~ TFLom{F,Cf), 

where Tnom{F,C'^) is the sheaf of UJ]. When F = Cu,U £ Op(X^a) it is 
defined by V ^ Cy'\U n V). 

Proposition 7.2.9 Let X be a complex manifold, X^ the underlying real 
analytic manifold and X the conjugate manifold. Then 

O'x^RUomp.-D^ip.O^.C^^). 

We prove the following result. 

Lemma 7.2.10 Let f : X ^ Y be a smooth morphism of real analytic 
manifolds. Then we have the isomorphism 

j-iQ^,t ^ RUomp,Vx{T^x^Y Xx'^)- 

Proof. We may reduce to the case of a projection n : Y xM. ^ Y . We shall 
prove that the morphism 

where t denotes the variable in M, is surjective. Let U G Op'^((y x R)sa), 
then by Lemma lA. 1.111 it admits a finite covering {C/j}^^ such that each 
Ui is simply connected and the intersections of each Ui with the fibers of 
TT are contractible (or empty). Hence we may reduce to the case that the 
intersections of U with the fibers of vr are contractible (or empty) . Moreover 
we can assume that 

U = {{x,t)eYxR; f{x)<t<g{x)}, 
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where /, g : it{U) M are continuous subanalytic maps and it{U) is sim- 
ply connected. Let us consider h, k : 7t{U) — )■ M subanalytic and if G 
r(7r(C/);C^) such that f<h<ip<k<g. 
Let s G T{U;Cyxr) define 

l-{x,t) 

s{x, t) = s{x, T)dT. 

Then s€ r(f7;C^^]g) and dts = s. Moreover 

\s{x,t)\ < \ip{x) — t\ sup \s{x,t)\. 

{x,T)e{x}x[ip{x),t] 

Since U is bounded, there exists M > such that \ip{x) — t\ < M for each 
{x,t) G [/. Since s is tempered, for each x G 7r(C/) and each r G [99(x),t] 
there exist ci , ri > such that 

, / M 1 

\S{X,T)\ < Cl 



d{{x,T),dUy^ 

< Cl 



min(d((x, t),dU),d{{x, h{x)),dU),d{{x, k{x)),dU)Y^ ' 

As a consequence of Lojaciewicz's inequality (see Theorem 6.4 of [Sj) there 
exist C2 , ^2 > such that 

d{{x,h{x)),dU),d{{x,k{x)),dU) > C2d{x,d{TT{U))Y^ > C2d{{x , t) , duy^ 

Hence there exists c, r > such that 

~. , 1 
s{x,t) < c- 



'd{{x,t),dUy 
and the result follows. 



□ 



Lemma 7.2.11 Let f : X ^ Y be a smooth morphism of real analytic 
manifolds. Let A4,M £ D^iVx)- There is a natural morphism 

RnomT>x(Vx^Y,M) k> R'HomT>x(Vx^Y,M) ^ RnomT>j,(Vx^Y,M ^Af). 
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Proof. By Lemma 4.9 of we have 



(7.7) Vy^x Vx^Y ^ Vy^x ® r Vy. 

Ax /-My 

Then if is a Pjij^-module 



ipY^x ® M) <S) f'^VY ^ [Vy^x ® J'^Vy) M 

Vx /-My /-My Vx 

L L 
~ (Py^x «) Vx^y) ® M 
Ax Vx 

L L 

~ Vy^x ® {M ® Vx^y)- 

Vx Ax 



Now when / is smooth Vy^^x ^ " — RT~l-omx>xi^x^Y , ')[d'X — dyl. Then 

Vx 

if A/" is another Px-module 



Rnomv^{Vx-^Y,M) (g) RHomvxi'^x^Y^M) 
J-^Ay 

~ R'Homvx{Vx^Y,M d Vx^y <I RHomv^iVx^YM)) 

Ax f-^Vy 

R'Homvxi'^x~>Y,M ^ M). 

Ax 



Lemma 7.2.12 Let X be a real analytic manifold. Let F,G D^_^{Cx) 
and let S be a closed subanalytic subset of X. There is a morphism 

p-'RHomiF, {C^'')s) ^Ax p-'Rnom{D'iiF ® G)s),C^n 
p-^Rnom{D'{Gs),C'^''"). 

Proof, (i) Let Vi,V2 € Op{Xsa)- The sheaf p~^Tvi{C'^'*)s is concen- 
trated in degree zero since C^'* is r(C/; •)-acychc for each U € Op{Xsa)- 

w 

Moreover the sheaves p^ RT-LomlD'CvinV'znSjC^'^) — Cy^^nVins <8) ^^'^ 

w 

p R'Hom{D'Cv2nSTC'^''^) — 'C-V2ns <8 concentrated in degree 

zero. There is a morphism 

(7.8) p-^TvACx' )s ^Ax Cv,nV2ns ® ^ Cy^ns ® . 
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This follows since the multiplication of a function tempered on Vi by a 
function vanishing with all its derivatives outside Vi is a function vanishing 
with all its derivatives outside Vi. 

(ii) By Theorem 1.1 of fT3] the morphism (17. Sp extends to a morphism 

(7.9) p'^TvACx'')s ^Ax Gnns ^C^^Gs^C^, 
functorial in G 6 ModiK-c(Cx)- By adjuction this gives a morphism 

1 ^ -A WW 

(7.10) p-'Tv, (C^'*)5 ^ norriA^ {Gv.ns ® , Gs ® ). 

By Theorem 1.1 of [13] the morphism (|7.10p extends to a morphism 

(7.11) p-'nom{F, iC^'')s) ^ l^om^^ ((F ® G)^ C^, G5 C^). 

functorial in F € ModiR_c(Cx)- 

(iii) Let F,Gg D^_^{Cx)- We have the following chain of morphisms 

p-'Rnom{F,{C^^')s) ^ R{p-'nom{F,{C^^')s)) 

w w 

^ RinomAxiiF®G)s0C^,Gs0C'^)) 

w w 

^ i??^om^^((F0G)5®Cf ), 

where the first isomorphism follows since p~^ is exact and {■)s sends quasi- 
injective objects to quasi-injective objects, the second arrow follows from 
(|7.1ip and the third one is a canonical morphism of derived functors (see 
[12] . Proposition 13.3.13). 

By adjunction we obtain the desired morphism. 

□ 

Lemma 7.2.13 Let us consider the normal deformation of the diagonal in 
X X X of diagram (jS.ip . Let F,G £ D^_^{Cx) ■ There is a morphism 

p-^u'^R'Hom{q:[^F,q^^C^'^) (S)^^ p-^u'^Rnomiq^^^D'iF G),q^^C'^''") 
p-^u'^Rnom{q^^D'G,q^^C^''"). 

Proof, (i) As in the proof of Theorem 16.4. H if X is a real analytic manifold, 
K G D^_^{Cx), X = t,w, we have 

p-^iy'^Rnom{q^^K, q^^C^'^) 

~ p-^s-^Rnom{{p^^K)^,p:,^C^^^) 

^ p-\s-^Rnom{{p^'K)n,Rnom,,v^Jp.V^^^,C'^)) 
- s-'Rnomr,^jV^^^^,p-^Rnomi(j.^'Kh,C^^)), 
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where the second isomorphism follows from Lemma 17.2. 101 

(ii) By Lemma |5A2]for H G D^_^{Cx) we have {p^^D'H)^ ~ D' {{p-[^ H)-^) 
and RFnp^^C^'* ~ (p^ 

(iii) By Lemma EXn] with (X,Y) = (Xx^,X), M = R'Hom{p^^F, (C 
M = RHom{D' {(p'^^ (F ^G))q) , C^^^^)) , we are reduced to find a morphism 



oo,t 
XxX 



^ p-'Rnom{D'{{pY'G)^),C^) 

which follows replacing (X, S, F,G) with {X x X ,Q,p^^ F,p^^G) in Lemma 
17.2.121 □ 

Let us consider the complex case. Let X be a complex manifold. 

Lemma 7.2.14 Let ^ D^{T)x^)- There is a natural morphism 

RHomv^{0^,C) ^ Rnomv^{0^,-H) ^ Rnomv^{0^,C ^ U). 

Ox Ax^ 

L L V 

Proof. By definition we have C ® % = I^Xk^XkxXk ® {CM M). 
Hence we get 

CMU ^ RUomvx^i'Dx^^-.x^^^x^X ® U). 

Axj, 
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There is a chain of morphisms 
R-Homv^iO^, C) ^ Rnomv^{0^,n) 

Ox 

~ Vx^xxx ® {Rnomv^{Oj^,C)MRHomv^{Ox,n)) 

^ 'Dx^xxx I) Rnomv^vUOj^^Oj^,VxxX I {CMH)) 

Vxxx X X ^ A Vx^Vx 

Vxxx V—mV^ T>x^T>x 

^ Vx^xxx i i?-Hom75_^_(0^^^,£i?^) 

'C'xxx 

L L 

'Dx^xxx JS> RUomv^^^{Oxyjc^R'^'^'^'Dx^{'^Xt,^x^xX^,C ® n)) 

T^x X X Ax^ 

- Vx^xxx i Rnomj,^{Vx^xxX,Rnomr^{Oj^,C I H)) 

"Dx X X Ax^ 
RUomv^iO^.C ® n). 

□ 



Lemma 7.2.15 Let us consider the normal deformation of the diagonal in 
X X X of diagram (jS.ip . Let F,G G L)^_^ (Cx ) • There is a morphism 

p-^u'^R'Hom{q^^F,q^^0^x) ®Ox P'^i^a Rnom{q^^ D' {F G),q^^O'^) 
p'^u'^Rnomiq^^D'Cq^^O"^). 

Proof. If X is a complex manifold, K G D^_^(Cx), A = t,w, we have 

p-^u'^Rnom{q^^K, q^^O^) 
~ p-h-'Rnom{{pY^K)n,P2^0^) 
~ p'^ s'^ RrLom{{p:^^ K)u,P2^ R'Homp,v^{p\P^,Cx^)) 
~ Rnomv^{0^,p-^s-^Rnom{(p^^K)^,p^^C^^^)) 
^ RUomv^iOj^, p-'u'^Rnomiq^'K, ^s^'C^^^)). 



Set 



£ = p-'iy'^Rnom{qY'F,q^'C2')), 

n = p-^vtRHom{q^^D'{F (®G),q:,^C2^)). 
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By Lemma 17.2.141 there is a natural morphism 

R-Homv-iO^, C) ® R'Homv-{0^,'H) ^ RUomv-iO^, C ® U). 

Then the result follows from Lemma 17.2.131 

□ 



Lemma 7.2.16 Let f : X ^ Y be a smooth morphism of complex mani- 
folds. Then there is a natural morphism 

Rfv.mdx] ^ ^Yidy]. 

Proof. By Theorem |AA4J we have the isomorphism 

/•0?[2dy] 4 R'Homp,v^ipiVx^Y,0'^)[2dx]. 

L 

We have Rnomp,'p^ipiVx^Y , O"^) ~ piVy^x O^ldy-dx]. Hence we 
get 

PiVy^x O-^^fO^ldy-dx]. 
P\Vx 



By adjunction we get 



RfnipiVr^x ® O^) ^ 0?[dy - dx]. 

P'.'Dx 



From this we can deduce 



RfuQx^RM^x ® p^Vx^y) ^^yW -dxl 



□ 



Let us consider the diagram (17. ip with Z = {point}. Set px '■ T*X x 
T*Y T*X, pY : T*X x T*Y T*Y, qx : X xY ^ X, qy : X xY ^ Y. 

Proposition 7.2.17 Let G G ^^.^(Cx) and K € Z^K-cl^Xxy) such that 
qy is proper on supp(g^"'^G) PI supp(i^). Then we have a morphism 

(7.12) p-^^ihom"'{K,of;^^'>)[dY]o p-^phom'^iD'iK oO^O-^) 

^ p'^^ihom"'{D'G,0'^). 
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Proof. We will prove the assertion in several steps. Set 

H2 = p-^i^'^R-Homiq^^D'iK oG),q20^) 

~ p-^u'^Rnom{q^^D'{K oG),q^^O^)[2dY]. 

Since the Fourier-Sato transform commutes with p~^ we have 

H^ ~ p-^phom'''{K, Of;'^^'^), H^ ~ p-^phom'''{D'{K o G),0^). 

(i) By the commutativity of the diagram (17. ip we have an isomorphism 

(ii) By Proposition 3.7.15 of we have an isomorphism 

(iii) Denote by Tgy : T{X x y) ^ TY the tangent map. By Propositions 
3.7.13 and 3.7.14 of [UJ we have the isomorphism 

R'6[6^\Hi m ~ (Hi ® Tqy^H2T[-2dY]. 

(iv) We have the chain of morphisms 

Tqy^v'^RUomiq^^D'iK o G),q-^0^) 

~ v'^Rnom{q^^qy^D'{K o G), g^^gy^O?) 

v'^Rnom{q^^D'{q-\YAK®q-X^G)),q^\y^O^) 
^ u'^Rnom{q^^D'{K ^ q]^^ G) , q^\y^ O^) 

~ iy'^Rnom{q^^D'{K ^ q^^G),q^^ Rnomp,v^^^{p,Vx^Y^Y,0'^^y)), 

where the first isomorphism follows since qY is smooth, the second one since 
supp(g^^G) n supp(ivr) is proper over Y and the last one is given by inverse 
image formula for Whitney holomorphic functions. 

(v) We have a morphism 

iHi0Tq-^H2)''[-2dY] ^ p-^phom"'iq^^D'G,0';,^^^y''^). 
To prove the existence of this morphism we use (iv) to prove the morphism 

Hi(S)Tqy'H2[-2dY] ^ u'^R'Hom{q^'q^'D'G,q^'Ol^^'f'^)[2dx^Y]. 
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Hence we may reduce to the case of the morphism 
p-^u'^Rnom{q:^^K, q^^O^xxv) ® P~^VAR'^om{q:^^D'{K (g) g^^G), g2~^0; 

This is a consequence of Lemma 17.2.151 with (X, F, G) replaced by {X x 
Y,K,q~'G). 

(vi) We have the chain of morphisms 

RqxJq'x-'p-'f^hom'-{q^'D'G,0^^'J''^) 

^ p-^fihom'''iRqx*qx^D'G, RqxwO'^^^'P^'^) 

p-^phom"'{D'G,0'^)[-dY], 

where the second morphism is a consequence of the integration morphism 
RqxwO^^Y^'' C^l-dy] defined in Lemma OH] (see also Remark 3.4 of 
|13] ) and the fact that Rqx*Qx^ — id. Composing morphisms (i)-(vi) we get 
the desired morphism. 

□ 

Corollary 7.2.18 Let F G D^JCx)- Morphism (1712]) defi nes a morphism 

(7.13) £x'^ p-^phom'^iF, O^) ^ p-^phom'^iF, O^) 

which induces a structure of £^'^ -module on p^^ phom^^{F,Ox) for each 

Proof. We apply Proposition lL2J2]setting X = F and (G, K) = {D'F, Ca)- 
In this case we have D'{Ca o D'F) ~ D'D'F ~ F. 

□ 

In this way we find the morphism of [5] (recall that p^^ phom^'^ {F, O^) — 
{D'F®OxT) 

{£YT®F®Ox^F®Ox. 

Remark 7.2.19 We would like to see the compatibility between this mor- 
phism and the one of Andronikof (ll^, Proposition 3.3.10). Steps (i) to (Hi) 
of Proposition \ 7.2.17\ are the same. We need the compatibility between the 
multiplications. We will see the compatibility between 

p-^RTzO^x p'^Rnom{F, O^) ^ p-^RHom{F, O^) 
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and 

p-^RTzO^x ^ P~^Rnom{F, OJ) ^ p-^RHom{F, OJ) 

when Z d X is closed subanalytic and F E D^_^{Cx) ■ 

We reduce to the case of a real analytic manifold and we use the fact that 

p-^Rnom{G,Cx' ) ^ THom{G,Cx ) and p-^Rnom,{G,Cx'^) ^ D'G^C^ 

, w w 

forG e D^JCx). Define F Tnom{G,Cf) = THom{G,F®Cf) saymg 

w w 

that, ifU,V are open subanalytic Cu® T7iom{Cv,Cx) = T'Hom{Cv tCjj ® 
Cx) are C°° -functions tempered on V and vanishing up to infinity outside 
U. Then we have 

w 

Tnom{Cz, C^) <8) Tnom{F, C^) Tnom{Cz, C^) ® Tnom{F, Cz ) 

^ T'Hom{Fz,C^) 
T'Hom{F,C^) 

and 

w . w 

Tnom{Cz,C^)®D'F®C^ ^ Tnom{Cz,Cf) ® {D'F)z (S>C^ 

w 

^ Tnom{Cz,D'F®C^) 
D'F^C^. 

The first and the third arrows of the two diagrams are clearly compatible. Let 
us see the compatibility between the second arrows. Note thatF e D^JCx) 
plays no role in these arrows (it denotes a growth conditions which is pre- 
served after the multiplication), so in order to better understand how they 
are constructed we set F = Cx- Let U = X\Z . Then T'Hom{Cz,Cx) and 

w 

Cz ® Cx are represented by the complexes 

^ ^ T'Hom{Cu,C^) 

W 

Cc/OC^ 

where in both cases Cx is the degree zero of the complex. The morphism 
is induced by the following diagram, where the vertical arrows are given by 
multiplication 

C[/®Cf 0Cf ^C[/®Cf THom(C[/,Cf )eCf ®Cf ^C^® T'Hom{Cu,C^) 

Cu ® C^ ^ C[/ ® © C^ ^ THomiCu, Cf )• 
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In the complex in the second line the first arrow is given hy s ^ (s,-?) oind 
the second one by {u,v) ^ u — v. Computing the cohomology, it is quasi- 
isomorphic to T7iom{Cz,C^). 

7.3 Microlocal integral transformations 

In the case of contact transformation the hypothesis of properness of the 
previous section are not satisfied. Hence we are going to define microlocal 
operations on fihom^"" {■ , O^) extending those of jllj and |T]. 

Let n C T*X. Denote by D^{Xsa,^) (resp. D^X^n), resp. D^_^{X,n) the 
category D\CxJ/J\fn (resp. D\Cx)/J\fn, resp. D^JCx)fj^n), where 
Afn = {F e D'^iCxJ ; SS{F) n n = 0} (resp. F G D^Cx), resp. 
F G D^_^{Cx)- It follows from Corollary 15.3.51 that the functor 

p'^fihom'^ : D^{Xsa,^)°^ x D^{Xsa,fi) ^ D''{n) 

is well defined. 

Notations 7.3.1 // there is no risk of confusion we will write for short 
nhom{-,Ox) instead of p^^ ^hom'^"' {■ , Ox) . 

Denote by o the microlocal composition of kernels of (and [T] for 

R-constructible sheaves). As usual, given K E D''(C(xxy)aa) ^"^^ ^ ^ 
^^Cy^J we set = K o F. 

Proposition 7.3.2 (i) Let X,Y be two complex analytic manifolds, let K G 
£'R.c(Cxxy), Px G T*X, pY G T*Y such that SS{K) n {{px} x T*Y) C 
{px,Py) neighborhood of this point. Then for each F G D^_^{Cy) and 
G G D^_^(Cx) there are morphisms 

(7.14) phom{K, 0S?^)(p^,p^)[dy] phom{F, 0'y\^ 

^ phomi<^''j,F,0'x)px- 

(7.15) /i/iom(K,o5°//))(p^,pa)[dy] 0/x/iom(Z)'(<I>^G),O^)py 

^ phom{D'G,0'^)p^. 

(ii) Let Z be another complex analytic manifold, let Ki G D^_^{Cxxy) 
and K2 G D^_^{Cyxz) be microlocally composable at {px,PY,Pz) G T*X x 
T*Y X T*Z, i.e. 

{SS{K,) XT*YSS{K2))npl^Hpx,P%) C {((px,P?>),(py,p|))} 
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in a neighborhood of {{px,Py)t{py,Pz))- Then there is a morphism 

^^oto(Ki, o5'J$'^)(p^^pa ) ® nhom{K2, C?x?^)){py,p|) 
fihom{Ki o K2, Cxxt''^)(pjf ,p|)[-c?y] 

Proof. The result follows thanks to the morphisms defined in the previous 
section and adapting the proof of Proposition 3.3.12 of [T]. 

□ 



7.4 Contact transformations 

Let X, Y be two complex analytic manifolds of the same complex dimension 
n and let Ox C T*X, C T*Y be two open subanalytic subsets. Let 
X be a contact transformation from ^Ix to fiy. We set A C J^x x be 
the Lagrangian manifold associated to the graph of x (i-^- (PXtPy) € A if 
py = xiPx))- We denote by pi and the projections from A to Qx and 
fly respectively. 

Let {px,Py) € Qx xily and consider K G D^_^{X xY, {px^Py}) satisfying 
the following properties: 

(7.16) |SS(A-)CA, 

I IT is simple with shift along A. 

In this situation we have the following results of [15j and [T]. 

Proposition 7.4.1 Let K G D^^_^{X x Y,{px,Py)) satisfying (i7l6]) . Set 

K* = r^R'Hom{K,ijJxxY\Y)^ where r: XxY^YxXis the canonical 
map. Then the functor <I>^ : D^{Xsa,Px) D^{Ysa,PY) oind the functor 
: D\Y,a,PY) ^ D'^iX 

sa^Px) CLre equivalence of categories inverse to 

each other. 

Lemma 7.4.2 Let K G D\._^{X x Y,{px,Py)) satisfying (f7l6]) . Then 
fihom{K,0\^^Y) is concentrated in degree zero. 

Proposition 7.4.3 Let K G D\._^{X x Y, {px,Py)) satisfying (I7.16P and let 
s G iihom{K, Ojxy )(p^,p^)• 
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(i) For each F G D^_^{Y,py) and G € D^_^{X,px) there are morphisms 
induced by s 

V-. :M/iom(L)'($^G),0?)py[n] ^ fihom{D' F,0\)p^. 

(a) Let Z he a n- dimensional complex analytic manifold, Qz C T*Z and 
let x' '■ be a contact transformation. Let A' be the La- 

grangian submanifold associated to the graph ofx'- Let K' £ D^_^{Y x 
Z, (pyjPz)) satisfying (j7.16p and s € ^hom{K' ,0^^^^) . Then ips o 
(f'g, = {if o ip')sos' ^n,d Ips ° "fp's' = {ip o 'ip')sos' ! where s o s' is the image 
of s <^ s' by the morphism 

Hhom{K, 0^x^y){p.,v'^) ® fJ-homiK', Oyxz))(py,p|) 
fihomiKoK'[n],0'^^z){ PX ,Pz I ■ 

(Hi) Let P € £xpx ^^'^ ^ ^ ^ypY ^^^^ ^^^^ ~ ^Q- Then: 

P O Ifg = (fg o Q 

(and similarly for ips)- 

Proof, (i) Similar to Proposition 5.2.1 (i) of HJ. There exists a neighborhood 
O of (pxtPy) such that s S r(r2, ^hom{K, O^xy ) ^^"^ may suppose that 
A is closed in Q. Set /C = jihom^K , O^^^) . Then 

(7.17) s € T{n, K) ~ Hom(CA, K). 

Moreover we can find a relatively compact neighborhoods Vy and Vx of 
7ry(py) and irxipx) respectively such that ^^F = ^Kx^iVy-^ ~ ^XxVy 
and ^>^G = ^Kv^xyG = Ky^xY o G. Now set 

^1 = fihom{<!>Kx.VyF, O'x), Qi = fihom{D'G, O^), 

J2 = /x/iom(F,Oi-)[n], ^2 = fihom{D'{<^Ky^^^G),0^)[n]. 

Then the morphisms and ■0^ are given by the diagrams 
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where the first arrows are given by (|7.17p and the second ones by (|7.14p and 
(17151) . 

(ii) The arrow follows from (i) and the associativity of the composition. 

(iii) See Proposition 5.2.1 (iii). 

□ 

Theorem 7.4.4 Let x 6e a contact transformation from Qx to Qy o-nd let 
A he the Lagrangian manifold associated to the graph of x- Then there exists 

K G D^^_^{XxY,{px,Py)) satisfying (17.16P and s € fihom{K,0*xxY ){px,PY) 
such that: 

(i) the correspondence £x,px ^ P ^ Q & £y,py such that Ps = sQ is an 
isomorphism of rings, 

(ii) for each F € D^_^{Y,py) and G G D^_^{X,px) the morphisms induced 
by s 

(ps : nhom{F,OY)pY[n] tihom{^'^F,Ox)px 
iPs-- f^hom{D'{^'^G),0^)py[n] fihom{D'G,0'^)p^. 

are isomorphisms compatible with (i). 

Proof. The proof is similar to the proof of Proposition 5.2.2 of [1]. 

□ 

Remark 7.4.5 Set G = D'¥^F with F G D^_^{Y,py), then D'G = 
and 

where the last isomorphism follows from Theorem 7.1.2 of 111] . Hence we 
obtain the isomorphism 

lihom{F,0'^)py[n] ^ pLhom{^^j^F,0\)p^. 

8 Cauchy-Kowaleskaya-Kashiwara theorem 

Here we prove the Cauchy-Kowaleskaya-Kashiwara theorem for holomorphic 
functions with growth conditions. The idea of the proof is the following: we 
divide the proof in two parts. In the first one we prove that for holomorphic 
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functions with growth conditions the characteristic variety of a coherent T>- 
module coincides with the microsupport of the complex of solutions. In the 
second part we use inverse image formulas for Oy to finish the proof of the 
theorem. 

8.1 Microsupport and characteristic variety 

We are going to study the relation between microsupport of subanalytic 
sheaves and the characteristic variety of a P-module. 

Lemma 8.1.1 Let F e D^_^{Cx) and let G eD^{Cx)- Then 

D'F ® piG ~ RHomiF, piG). 

Proof. It follows from the following isomorphism of |23] : let F G D^_^{Cx), 
K G D\Cxsa) and G D^{Cx)- Then 

Rnom{F, K) piG ~ Rnom{F, K ^ p^G). 

Setting K = Cx we obtain the result. 

□ 

Let us recall the notion of elliptic pair of |27] . Let A4 he a coherent 
P-module and F G D^_^{Cx), then {F,M) is an elliptic pair if 

SS{F) n Char(M) C T^X. 

We consider the sheaf O^, for A = 0,t,w,u}. 

Proposition 8.1.2 Let {F,M.) be an elliptic pair. Let G € D^{p\Vx) such 
that IL^ phom{F,G) is a Ex-module for each k ^ "L. Then we have the 
isomorphism 

RHomD^iM^D' F ® p-^G) ^ RJiomv^iM, p'^ Rnom{F,G)). 

Proof. Let 6 : A X x X he the embedding and let us consider the Sato's 
triangle 

5-^Rnom{q^^F,q)2G)(g)UJA\xxX ^ 5- RUomiq^^ F,(^^G) 
(8.1) ^ R'k^phom'''{F, G) 4 . 
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We have 5- R'Hom{q^'^ F^q^G) ~ R'Hom{F,G). Moreover 

6-^Rnom{q^^F,q2G)(g)UJ^\XxX ^ 5'^ Rnom{q^^ F, q^^G) 

~ 5-^{D'FmG) 
~ D'F®G 

where the second isomorphism follows from Lemma 15.3.81 Hence applying 
we obtain 

D'F (g) p-^G p-^Rnom{F, G) Rir^phom{F, G) 4 . 

Applying the functor R'Homx>x{p\J^^ ') we obtain 

Rnomvj^iM, D' F ^ p-^G) RnomvxiM, p-^ Rnom{F,G)) 
R'Homvx{M,R'k^phom{F,G)) ^ . 

Then it is enough to prove that RT-LomD^{A4, R7r^phom{F,G)) = 0. First 
remark that we have by adjunction 

RHornvxi^^ R'^*l^hom{F, G)) 
~ R-k^R7iom^-iTy^{TT^^M, phom{F,G)). 

Let k £ 7j. Since phom{F, G) is a £'x-module for each k ^'Lv^g have 

RTT^R-Hom^-iTy^ {tt-^M, phom{F, G)) 

~ RiiMomsxiiSx ^n-^vx TT-^M),H''phom{F,G)). 

We have supp{H'' phom{F,G)) C SS{F) for each k e Z hy Corollary [533] 
and supp(£'x ^■k-'^Vx '^^^-^) = Char(AI). Hence 

(8.2) R-k^RHom^-iTj^ {-k'^M, H^phom{F, G)) = 

for each A; S Z since the pair (F, Ad) is elliptic. Let us suppose that the length 
of the bounded complex phom{F,G) is n and let us argue by induction on 
the truncation t-^ phom{F, G). If i = the result follows from (18. 2p . Let us 
consider the distinguish triangle 

r-"-V/ioTO(F,G) ^ phom{F,G) H''phom{F,G) 4 

and apply the functor R'k^R'Hom^-i'p^{-K~^ ■). The first term becomes 
zero by the induction hypothesis and the third one is zero by (18. 2p . Hence 
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RT-Lomi:)-^{M., R'kiflihom[F,G)) = and the result follows. 



□ 



Setting G = in Proposition [8X2l X = 0,t, w, oj we obtain the follow- 
ing result. 

Theorem 8.1.3 Let {F,A4) be an elliptic pair. Then we have the isomor- 
phism 

(8.3) RUom-DxiM^D' F ® Ox) ^ RnomT)^{M, p'^ R'Hom{F,0^)). 

Proof. If A = cj this is a consequence of Lemma 18.1.11 If A = 0, t, w then 
H^fihom{F,0^) is a fx-module for each /c G Z by Corollaries 17.2.51 and 
17.2.181 and the result follows from Proposition 18.1.31 

□ 



Example 8.1.4 Let M be a real analytic manifold and let X be a complex- 
ification of M . Let M. be an elliptic system on M. Then 

Rnomvx{M,AM) ~ Rnomv^iMXTi) 
~ Rnomvx{M,VbM) 
~ Rnomvj,{M,BM)- 

This follows from Theorem \8. 1.3\ setting F = D'Cm o-nd applying to the 
isomorphism (18. 3p . In fact 

RT-Lom-Dxi-^^^M) ifX = ^^, 
RTiom^xiMXTi) «/A = w, 
RUom-DxiM^VbM) if X = t, 
Rnomj)^{M,BM) if\ = 



Rnomvx{M,p'^RnomiD'CM,0^)) ~ < 



and they are all isomorphic since we have p ^ RT-Lomp,'x:ij^{p\A4, D' D'Cm ® 
O^) RTiom-D^iM^CM ® Ox) ^ R'Homvj,{M,AM) for X = 0,t,w,uj. 

Example 8.1.5 Let X be asmoothsubmanifoldofY, letOylx be the formal 
completion of X along Y and let Bx\y algebraic cohomology ofOy with 

support in X. Let M be a Vy-module such that T^Y n Char(7V4) C TyY . 
Then we have the isomorphisms 

R'Homvx{M,OY\x) ^ R'Homvx{M,OY^x), 

~ R'Homvx{M,Bx\Y)- 
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This follows from Theorem \8.1.3\ setting F = D'Cy, applying p ^ to the 
isomorphism (18. 3p and arguing as in Example \8.1.4\ 

Let Ai he a Px-module and let X = 0,t, w, oj. One sets for short 

Sol^iM) := Rnomp,Vx{p\M,0\). 

Corollary 8.1.6 Let M. he a coherent Vx-module. Then 

SS{Sol^{M)) = Char(7W). 

Proof. Recall that SS{Sol{M)) = Char(AI). 

(i) Char(A^) C SS{Sol^{M)) follows from the fact that p-^Sol^{M) = 
Sol{M) and SS{p-^G) C SS{G) for each G G D\CxJ- 

(ii) Char(M) D SS{Sol^{M)). Let (x,^ i Char(X) = SS{Sol{M)) 
and let U he a. conic open neighborhood of (x,^), U PI Char(A^) = 0, such 
that for each F e -Dk-c(Cx) with supp(F) CC 7r(C/) and SS{F) C ?7ur|-X 
we have Y{.om.£)b(^^-^{F,Sol{M.)) = 0. By Theorem I8.1.3l the complexes 

Rnom{F,R'Homvx{M,Ox)) ^ p~^Rnom{F,RHomp,Vx{p\M,Rp^Ox)) 

~ p-^Rnom{F,Rnomp,Vx{p\M,0^)) 

are all quasi-isomorphic for X = 0,t, w, cj. Hence Hom^jsj-j-^ •) (F, 5o/^(7V4)) = 
and {x,C) ^ SS{Sol^{M)). 

□ 



8.2 Cauchy-Kowaleskaya-Kashiwara theorem 

Now we apply the preceding results to prove the Cauchy-Kowaleskaya-Kashiwara 
theorem for holomorphic functions with growth conditions A = 0,t,w,uj. 
We refer to [TO] for the statement and proof of the Cauchy-Kowaleskaya- 
Kashiwara theorem for holomorphic functions. 

Let / : X — > y be a morphism of complex manifolds. Set d = dimcX — 
dimcl^. We recall the inverse image isomorphisms 

(8.4) fo'y ^ P^Vy^x ^ O'xid], 

(8.5) fO^ ~ Rnomp,r)^{p^Vx^Y,0'^)[2d]. 
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Proposition 8.2.1 Let A4 be a coherent Dy-module, and suppose that f 
is non characteristic for M.. Then we have the following isomorphism for 
A = 0, t, w, w; 

f-Rnomp,Vy{p\M,0^) ~ Rnomp,Vx{p\r^M,0\)[2d\. 

Proof, (i) Let \ = t. Recall that if is a coherent Dy-module and / is 
non characteristic, then f~^A4 is a coherent Vx-^odule and 

r^RHomvAM^Vy) ~ Rnomvj,{r^M,Vx)[d]. 
We have the chain of isomorphisms 

Rnomv^{pir^M,0'x)[2d] ~ piRnomv^{r^M,Vx) 0p,Vx O'xM 

~ pif^^RT-Lomvy 

~ pif-^R'HomvyiM,VY) 0p,/-i©,. /'Cy 
~ fipiRnomvyiM^Vy) ®p,Vy Cy) 
~ f-Rnomp,Vy{p\M,0\.), 

where the first and the last isomorphisms follow from the coherence of f^^M 
and M, and the third one follows from (|8.4p . 

(ii) Let A = w. We have the chain of isomorphisms 

f-Rnomp,Vy{M,0^) ~ R'Hompj-ij.Jpif-'MJ-O^) 

~ R-Homp^j-i^^ {pif-^M, Rnomp,v^ {p\Vx^y, 0'^))[2d] 

~ Rnomp,vAPir'-^^^x)m, 
where the second isomorphism follows from (18. Sp . 

(iii) Let X = 0,oj. Since Ai is coherent and / is non characteristic the result 
follows from the isomorphism 

f-RUomvyiM^OY) ^ RnomvAr^M,Ox)[2d]. 

□ 

Theorem 8.2.2 Let M he a coherent Vy-module, and suppose that f is 
non characteristic for A4. Then we have the following isomorphism for A = 
0, t, w, uj: 

f-^Rnomp,Vyip\M,0^) ~ RUomp,Vxip\r^M,0^). 
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Proof. By Corollary 18.1.61 f is non characteristic for SS{Sol'^{M)). Hence 
by Proposition 15.3.71 

f-Rnomp,VY{p\M,0^) ~ f-^Rnomp,VYipiM,0^)[2d]. 

Then the result follows from Proposition 18.2.11 

□ 



A Appendix 

A.l Review on subanalytic sets 

We recall briefly some properties of subanalytic subsets. Reference are made 
to [3] and |18) for the theory of subanalytic subsets and to jl] and |31) for 
the more general theory of o-minimal structures. Let X be a real analytic 
manifold. 

Definition A. 1.1 Let A be a subset of X. 

(i) A is said to be semi- analytic if it is locally analytic, i.e. each x £ A has 
a neighborhood U such that XnU = Ui^iCij^jXij , where I, J are finite 
sets and either Xij = {y e U^; fij > 0} or Xij = {y ^ U^] fij = 0} 
for some analytic function fij . 

(a) A is said to be subanalytic if it is locally a projection of a relatively 
compact semi-analytic subset, i.e. each x G A has a neighborhood 
U such that there exists a real analytic manifold Y and a relatively 
compact semi-analytic subset A' C X x Y satisfying X nU = it{A'), 
where it : X xY —?■ X denotes the projection. 

(Hi) Let Y be a real analytic manifold. A continuous map f : X Y is 
subanalytic if its graph is subanalytic in X x Y . 

Let us recall some result on subanalytic subsets. 

Proposition A. 1.2 Let A,B be subanalytic subsets of X. Then Au B, 
An B, A, dA and A\B are subanalytic. 

Proposition A. 1.3 Let A be a subanalytic subsets of X. Then the con- 
nected components of A are locally finite. 



84 



Proposition A. 1.4 Let f : X ^ Y be a subanalytic map. Let A be a 
relatively compact subanalytic subset of X. Then f{A) is subanalytic. 

Definition A. 1.5 A simplicial complex (i^, A) is the data consisting of a 
set K and a set A of subsets of K satisfying the following axioms: 

51 any a E A is a finite and non-empty subset of K, 

52 if T is a non-empty subset of an element a of A, then t belongs to A, 

53 for any p E K, {p} belongs to A, 

54 for any p E K, the set {a G A;p E a} is finite. 

If (K, A) is a simplicial complex, an element of K is called a vertex. Let 
M.^ be the set of maps from K to R equipped with the product topology. To 
(7 G A one associate |cr| C as follows: 

|(t| = l^a; G M^; x{p) = for p ^ a, x{p) > for p G o" and ^ x{p) ~ ^ ' 
As usual we set: 

1^1 = U H' 

ctGA 

and for x G \K\: 

U{x) = U{a{x)), 
where a{x) is the unique simplex such that x G \a\. 

Theorem A. 1.6 Let X = X^ be a locally finite partition of X con- 
sisting of subanalytic subsets. Then there exists a simplicial complex {K, A) 
and a subanalytic homeomorphism :\K\ ^ X such that 

(i) for any a E A, tp{\a\) is a subanalytic submanifold of X, 

(ii) for any a G A there exists i € I such that ip{\o'\) C Xi. 

Let us recall the definition of a subfamily of the subanalytic subsets of 
which have some very good properties. 
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Definition A. 1.7 A suhanalytic subset A ofW^ is said to be globally subana- 
lytic if it is subanalytic in the projective space P"'(M). Here we identify M" 
with a submanifold o/P"(]R) via the map (xi, . . . (1 : xi : . . . : 

An equivalent way to define globally subanalytic subsets is by means of 
the map t„ : — )• M" given by 

Tn\Xi, . . . , Xn) ■— , „ , • • • , / „ • 

\^j\ + x{ v^i + x^y 

In particular relatively compact subanalytic subsets are globally subanalytic. 

Definition A. 1.8 A map f : — t- M" is said to be globally subanalytic if 
its graph is globally subanalytic. 

Proposition A. 1.9 Let f : M" ^ R" &e a globally subanalytic map. Let A 
be a globally subanalytic subset o/M". Then f{A) is globally subanalytic. 

Now we recall the notion of cylindrical cell decomposition, a useful tool 
to study the geometry of a subanalytic subset. We refer to ||4j and [31j for a 
complete exposition. 

A cyindrical cell decomposition (ccd for short) of M"' is a finite partition 
of M" into subanalytic subsets, called the cells of the ccd. It is defined by 
induction on n: 

n=l a ccd of M is given by a finite subdivision ai < . . . < of M. The 
cells of M are the points {flj}, 1 < i < ^, and the intervals (ai,Oj-)-i), 
< i < £, where = — oo and a^_|_i = +oo. 

n>l a ccd of M" is given by a ccd of M"^^ and, for each cell D of 
continuous analytic functions 

Cd,i < • • • < Cd,Io -D^R. 
The cells of R" are the graphs 

{{x,CD,i{x)); x£D}, l<i<£D, 

and the bands 

{ix,y) eDxR; CdAx) <y < CD,i+i{x)} 
for < i < £d, where (d^ = — oo and Cd/d+i — +oo. 
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Theorem A. 1.10 Let Ai, . . . Ak be globally subanalytic subsets o/M". There 
exists a ccd of M" such that each Ai is a union of cells. 

We end this section with the following useful result. 

Lemma A. 1.11 Let U be a globally subanalytic subset o/M" and denote by 
TT : R" — > W^~^ the projection. Then U admits a finite open covering {Ui} 
such that each Ui is simply connected and the intersection of each Ui with 
the fibers of vr is contractible or empty. 

Proof. Up to take the image of U by the homeomorphism 



we may assume that U is bounded. Then it follows from a result of |34) that 
U can be covered by finitely many open cells, and cells satisfy the desired 
properties. 



A. 2 Ind-sheaves and subanalytic sites 

Let us recall some results of |14) . 

One denotes by l{kx) the category of ind-sheaves of /c- vector spaces on 
X, that is I(fcx) = Ind(Mod''(A;x)), where Mod''(fcx) denotes the full sub- 
category of Mod{kx) consisting of sheaves with compact support on X. We 
denote by D^(I(/cx)) the bounded derived category of l{kx)- 

There are three functors relating ind-sheaves and classical sheaves: 



: M" ^ (-1, 1) 



n 




□ 



L : Mod{kx) l{kx) 



F ^ "lir^"F(7, 



uccx 



a : l{kx) Mod(fex) 



■lin^'Fi ^ lin^Fi, 



P : Mod(A:x) ^ l{kx) 



left adjoint to a. 



These functors satisfy the following properties: 



• the functor t is fully faithful, exact and commutes with hm 
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• the functor a is exact and commutes with hn^ and ^m , 

• the functor /3 is fully faithful, exact and commute with lin^ , 

• (q, l) and (/3, a) are pairs of adjoint functors. 

Since i is fully faithful and exact we identify Mod(/cx) (resp. D^{kx)) with 
a full abelian subcategory of \{kx) (resp. D^{\{kx)))- 

The category l{kx) admits an internal hom denoted by Xhom and this 
functor admits a left adjoint, denoted by ®. One can also define an external 
T-Lom : l{kx) x Mod(/cx) and one has 

'Hom{F,G) = aIhom{F,G) and Homi(fc^) (F, G) = r(X; ?^om(F, G)). 

The functor (8> is exact while Xhom and Tiom are left exact and admit 
right derived functors Rlhom and RHom. 

Consider a morphism of real analytic manifolds f : X ^ Y . One defines 
the external operations 

/-I : liky) ^ \{kx) "lin^"Q ^ "Ih^" {r^Gi)u 

i i,UCCX 

A : l{kx) ^ I(A;y) "lii^"Fi ^ 1^ lii^/*rc/Fi 
/,, : I(A;x) ^ liky) "lin^"Fi ^ "In^'Yli^i 

i i 

where the notation /n is chosen to stress the fact that /n ot 9^ io/i in general. 

While is exact, the others functors admit right derived functors. One 
can show that the functor Rfu admits a right adjoint denoted by /■ and we 
get the usual formalism of the six Grothendieck operations. Almost all the 
formulas of the classic theory of sheaves remain valid for ind-sheaves. 

There is a strict relations between ind-sheaves and sheaves on the suban- 
alytic site associated to X. Set lM-c{kx) = Iiid(Modj|_(,(/cx)) for short. 

Theorem A. 2.1 One has an equivalence of categories 

iR-cikx) ^ Mod{kxJ 
"lir^"Fi lu^p*Fi. 



Let us recall the following functor defined in |14) : 

lT:Mod{kxJ ^ l{kx) 

lii^p*i^i ^ "lir^"Fi. 
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It is fully faithful, exact and commutes with lin^ and (8). It admits a right 
adjoint 

JT:l{kx) ^ Mod(fex.J 

satisfying, for each U £ Op{Xsa), T{U; Jq-F) = Homi(;j^)(A;[/, F). This 
functor is right exact and commutes with filtrant inductive limits. Moreover 
we have RJj- o /-y- ~ id and 

RJrRIhom{IrF,G) ~ Rnom{F, RJrG). 

We have the following relations: 

RJj- o i ~ Rp^ and a ~ p^^ o Jj- 
Q o ~ p^^ and I-Y ° P\ — P 

Let / : X ^ y be a morphism of real analytic manifolds and let U be an 
open subanalytic subset of X. 

Lemma A. 2. 2 Let F G D^{kx,J and G G D^ky^J- We have 

(i) IroRfiiF ~ RfiioirF, 

(ii) It o r^G ^ /-I o irG, 
(ill) Irof-G^f oirG, 

(iv) IrFu ~ {IrF)u, 

(v) Iro RTuF ~ R\Tu o ItF. 

A. 3 Inverse image for tempered holomorphic functions 

Let / : M — >■ be a morphism of oriented real analytic manifolds of dimen- 
sion dM and d^- Set d = d^ — d^j- Denote by Am the sheaf of analytic 
functions on M. 

Lemma A. 3.1 Let F be an AM-module locally free of finite rank. Then 
R'^fuiVbij P\F) = Oforkj^O. 

Proof. It is a consequence of the fact that 'Dbj^ is quasi-injective and Propo- 
sition 1.6.5 of |23) . 

□ 
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Lemma A. 3. 2 Let M and N be orientable real manifolds. There is a nat- 
ural morphism of complexes 

f\\{Vh^M «> p\^M)[dM] ^ Vh% (g) p[9.N[dN]- 
pi. Am pi. An 

Proof. Let U G Op'^{Nsa)- We have the chain of morphisms 

T{U;fv.{Vbi, ® P\^1^''')) - T{N;nom{Cu,f^.{Vbii ^ PiJ^lf"'))) 
pi. Am P\Am 

~ T{N;fT'Hom{f-^Cu,VbM ® ^t/~')) 

Am 

Tc{N; Tnom{G,VbN 



An 



An 

where the third morphism follows from Proposition 4.3 of |13] . 



□ 



Proposition A. 3. 3 There is a natural morphism in D^{p\T>'^): 
(A.l) Rfni-Dbti ® p,VM^N)^m'j^. 

Pl.T^M 

Proof. The Spencer resolution of T>m^n give rise to the quasi-isomorphism 



Am ' ^ Am Am ' ^ J-^Am 

from which we obtain the following quasi-isomorphism for Db*^ ® p\T>M-^N 

pi.T^M 

in Z)^(p,/-ip°f) : 



m^j^j PiVm^n ^ {Vb\i pi^m) O {p\{Vm «> /\Qm /"^^?7v)) 



P\Am Am ' ^ J-^An 

~ Vbii (8) p\{nit ® f-^VN)[dM]- 
Pi Am f-^AN 
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Applying Rfw we obtain: 

P\'Dm 



Rfwiph 



t 

M 



M 



Ml 



P\Am P!-4jv 

~ h{Vbii (g) P\VI'm) (g) p^VN[dM] 
P\Am P\An 



(g) p\il,% (g) p^VNidN] 
P\An pi. An 



P'.An 



where the third isomorphism follows from Lemma IA.3.11 and the morphism 
from Lemma IA.3.21 



□ 



By adjunction we get a morphism 

L 



(A.2) 



P\'Dm 



f-Vb'i^. 



Theorem A. 3. 4 The morphism ()A.2p is an isomorph 



ism. 



Proof. Let F £ D^_^(Cj\/) with compact support. We have the chain of 
isomorphisms 



RHom{F, f Vb 



ut\/\ 



~ miom{RfuF,Vblf J 
~ Rr{N,Tnom{RfiF,Vb^)) 



L 



RT{N,Rfi{Tnom{F,Vblj) » Vm^n)) 

'Dm 

Rr{M,T'Hom{F,Vbl^) |) Vm-,n) 



~ RHom(F,P&^ ® PiVm^n) 



L 
P'Vm 



where the third isomorphism follows from Theorem 4.4 of |13) . 



□ 



By the equivalence between left and right P-modules, we have an isomor- 
phism 



(A.3) 



P'Vn^m ® Vbij^f'Vb%. 

P'Pm 
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Corollary A. 3. 5 When f is smooth we have an isomorphism 

r^Vh% ^ Rnomp,VMiP\'^M^N,Vbit). 
Proof. The result is obtained by the following isomorphisms 

, L 

R'HompVM{p\'DM-,N,1^bM) ^ p\R'Hom{T>M^N-,'DM) ® Vh^ 

P\'Dm 

L 

The first isomorphism is obtained by replacing T>m^n with its Koszul com- 
plex. The second follows from the smoothness of / and the isomorphism 

RnomvM{'DM-^N,T^M) - T^N^Mid]- 

The last isomorphism follows since when / is smooth we have the isomor- 
phism fi-)[d\ ~ f-^. 

□ 

Prom now on X will be a complex manifold, with structure sheaf Ox- 
We denote by X the complex conjugate manifold (with structure sheaf O^), 
and the underlying real analytic manifold, identified with the diagonal 
of X X X. Let Ox be the sheaf of tempered holomorphic functions on X. 
We also consider the sheaf G D''{p\V'^): 

Proposition A. 3. 6 Let f : X Y be a holomorphic map between complex 
manifolds. Then 

(A.4) ® piVx-^Y[dx] ^ f^Yidy]- 
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Proof. We have the chain of isomorphisms 



/ 


L 

® 




P\f-^'D- 




L 

o 




L L 
-^y) ® P'Px^Y ^ P'-f 




L 

® 




L 




L 

® 




L 

) (g) pi^^x^y , 



where the second isomorphism follows from Proposition IA.3.41 

□ 

By the equivalence between left and right P-modules, we have an isomor- 
phism 

(A.5) P\Vy^x ® O'x^f-O'Y. 

P\'Dx 

Corollary A. 3. 7 When f is smooth we have an isomorphism 

r^Oi- ^ Rnomp,v^ip,Vx^Y,0'x). 
Proof. The proof is similar to that of Corollary IA.3.51 

□ 



A. 4 Inverse image for Whitney holomorphic functions 

Let / : M — 7- be a morphism of oriented real analytic manifolds of dimen- 
sion (Im and d^- Set d = — du- 

Lemma A. 4.1 The sheaf f'C'^''"[d] is concentrated in degree zero. 

Proof. If / is smooth, then /'(Oi*^] — f~^: and the result is clear. Let / be 
a closed embedding. Let F G D^_^{Cm)- We have the chain of isomorphisms 

RHom(D'F;/'C~'"')[d] ~ RHom{frD' F[-d];C'^''") 

^ RBomiD' if, ryx^n 

W 

- RTiY-JiF^C^). 
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The fourth isomorphism follows since Rf^DF ~ D{Rf\F) if F G D^_^{Cm) 
and i?/* ~ Rf\ ~ /i since / is a closed embedding. Let U E Op'^(Msa) be 
locally cohomo logically trivial. We have D'Cjj ~ Cu, and we get 

III W 

if /c 7^ since f\C-fj(^C^ is soft. Hence /•C^'™[d] is concentrated in degree 
zero on a basis for the topology of Mga and the result follows. 

□ 



Proposition A. 4. 2 There is a natural morphism in Mod(CMsa) 

Proof. Let U £ Op'^{Msa) be locally cohomologically trivial. We have the 
chain of morphisms 

I W 

TiU-j'-C^'-^id]) ^ RTiN-RfiCjj^C^) 

^ Rr(M;/-ii?/,%®C^) 

w 

^ Rr(M;%®C^) 



where the first isomorphism has been proved in Lemma IA.4.11 and the first 
arrow follows from Theorem 3.3 of |13) . 

□ 



Proposition A. 4. 3 There is a natural morphism in D^[p\T>m): 

(A.6) p^Vm^n ^ /'C'^ldl^C'". 

Proof. The Spencer resolution of "Dm^n gives rise to the quasi-isomorphism 



Am ' ^ Am Am ' ^ J-^Am 
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from which we obtain 



P^Vm ® P\I\Qm ® f-C 
P,Am ' ^ pJ-'Am 



N [d] 



P\Vm ® P\/\Qm ® C^'" 

P'.Am ' ^ pJ-^Am 



□ 



By adjunction we get a morphism 
(A. 7) ^ R'Homp,T,^j{piT>M->N,C'^i'^). 

Theorem A. 4. 4 The morphism (IA.7P is an isomorphism. 
Proof. Let F G D^_^{Cm)- We have the chain of isomorphisms 

RHom(Z)'F,/'C~'™)[d] ~ Rr{Y; Rf^F ® C^) 

W 

- RRomv,,CDM^N,F0C]S) 
~ RHom,,^ {VM-,N,p-^R'Hom{D'F,C^/'")) 
'r^^ RRoinp,x> j.jipi'DM^N, R'Hom{D'F, C^j'^)) 
2^ RHom(L»'F, Rnomp,Dj^j{pi'DM->N,C^i'^)), 



where the second isomorphism follows from Theorem 3.5 of |13) . 

□ 



Corollary A. 4. 5 When f is smooth we have an isomorphism 

^-l^oo.w RT-lomp,T)j,,j{p\T>M^N,C'^/^). 

Proof. It follows from the fact that f'{-)[d] f^^ when / is smooth. 

□ 
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From now on X will be a complex manifold of complex dimension dx, 
with structure sheaf Ox- We denote by X the complex conjugate manifold 
(with structure sheaf O^^), and X^ the underlying real analytic manifold, 
identified with the diagonal of X x X. Let be the sheaf of Whitney 
holomorphic functions on X. 

Theorem A. 4. 6 Let f : X ^ Y be a morphism of complex manifolds. Then 

(A.8) fO^[2dY] ^ Rnomp,T>^ip,Vx^Y,0'^)[2dx]. 

Proof. Remark that, if e D^{p\Vx^) we have 

Rnompj-ijy_{pif-^OY, Rnomp,T:)^JpiVxj,^-^Y^,M)) 
~ R'Homp,x>j^ip\'Dx^Y, RV.ompj-ij,_{pif''^OY,R'Homx)^{piVj^^Y^^))) 
~ Rnomp,T,^{piVx^Y,Rnomp,v^{pi{Vj^^y I /-iO^),AJ)) 

~ RUomp^VxiP^Vx^Y, R'Homp,v-{p\Oj^,M)). 
We have the chain of isomorphisms 

/■0?[2dy] f-R'Homp,v-{piOy,C^;'")[2dY] 

R'Homp,j-,T:^(f-^p,Oy, /•Q™)[2dy] 
- R'Homp,j-^it,_{p\f-^Oy,R'Homp,T:yx^{p\'^x^-^Y^^C'^^))[2dx] 
~ RHomp,Vx {P'Vx^Y, R'Homp,x>-ip\Oj^, C'^^'"))[2dx] 
~ Rnomp,Vx{p\1^x^Y,Ol)[2dx]. 

□ 

Corollary A. 4. 7 When f is smooth we have an isomorphism 

f-^O^ ^ Rnomp,Vx{p^Vx^Y,Ol). 
Proof. The proof is similar to that of Corollary IA.4.51 

□ 
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